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Inside droplets: secondary flow 
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Chaotic Mixing in Droplets 

© Royal Society Publishing, Cambridge University Press, and sources unknown. 
All rights reserved. This content is excluded from our Creative Commons 
license. For more information, see https://ocw.mit.edu/help/faq-fair-use. 

Effect of surface roughness  

Wenzel’s model Cassie’s model 
• If the surface has a high free energy,

• Wettability of heterogeneousroughness promotes wetting. 
(solid+air) surfaces • If it has low free energy, roughness 

• Contact angle on air fraction is 1800.promotes hydrophobicity. 

cosθ * = rcosθ cosθ * = −1+ φs(cosθ +1) 
actual _ area 

r = φs = solid _ fraction _ surface 
projected _ area 

θ * = apparent _ contact _ angle 

© sources unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use. 
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Cassie to Wenzel transition 
�',-+������, 

A. Lafuma Nature Materials 2 457-460 (2003) 

��&&�, ��9��9���-7� ��&'���,,�*+7�H7�FG7�GEEH 

φs −1 cos θc = 
r −φs 

 ,,(+8;;�&90!#!(��!�9'*�;0!#!;�$,*� 2�*'( '�!�!,2 

© sources unknown. All rights reserved. This content is excluded from our Creative 
Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use. 
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© sources unknown. All rights reserved. This content is excluded from our Creative 
Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use. 
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Digital 	microfluidics 
Electrowetting on Dielectrics (EWOD) 

Droplets can be manipulated 
by electrowetting 

Application of voltage bias 
between	 electrodes used	 to	 
manipulate droplets This image has been removed due to 

copyright restrictions. 
Please see https://mgitecetech.files 
wordpress.com/2012/05/ew.jpg?w=640. 

Complex operations can be 
performed 

Electrowetting  

V 2 

=C
Length 2 

© Informa UK Limited. All rights reserved. This content is excluded from our Creative 
Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use. 

Interfacial _ Force 
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Ws = γ SG −γ SL −γ LG ≥ 0

dW = γLG cosθdA+γSLdA−γSGdA = 0
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Drop Manipulation 

• Merge
• Split
• Move

Digital 	microfluidics  

This image has been removed due
to copyright restrictions.
Please see https://www.technologyreview.com/
s/415654/novel-chip-for-monitoring-breast-cancer/.

High voltage to generate an electric field 

© sources unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use. 
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This image has been removed due 
to copyright restrictions.
Please see https://www.aaas.org/sites/
default/files/content_files/1007_STM.jpg. 

https://ocw.mit.edu/help/faq-fair-use
https://www.aaas.org/sites/default/files/content_files/1007_STM.jpg
https://www.aaas.org/sites/default/files/content_files/1007_STM.jpg
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Digital 	microfluidics 

© U. Washington, UT Austin, and sources unknown. All rights reserved. 
This content is excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use. 

Electrokinetics  

• Electrokinetics deals with electrically driven flow of
charges, particles, and fluids typically in the presence
of solid-liquid interfaces
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Electrokinetics  
• Electrokinetics deals with electrically driven flow of
charges, particles, and fluids typically in the presence
of solid-liquid interfaces
Fluid Conveyor Belt 

Induced Charge Electro Osmosis (ICEO) 
© AIP Publishing LLC. All rights  
reserved. This content is excluded  
from our Creative Commons license. 
For more information, see https://
	
ocw.mit.edu/help/faq-fair-use. Electroosmotic pump,  

Urbanski et al,	 APL 
(2006) 

Microchannel flows 
• Poiseuille Flow and Couette Flow

B. Kirby, Micro- and Nanoscale Fluid Mechanics, Cambridge 
Univ. Press, 2010

© Cambridge University Press. All rights reserved. This content is excluded from our Creative 
Commons license. For more information, see https://ocw.mit.edu/help/faq-fair-use. 
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Poiseuille Flow  

π R4 ∂P Δp
Q = − ⋅ Q = 

8η ∂z Rh 

© Cambridge University Press. All rights reserved. This content is 
excluded from our Creative Commons license. For more information, 
see https://ocw.mit.edu/help/faq-fair-use. 

Hydrodynamic Force Assisted Sorting 

© sources unknown. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use. 
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Couette Flow  
Navier-Stokes 
∂u   

ρ + ρu ⋅ ∇u = −∇p +η 2 
 

∇ u
∂t

This image has been removed due to copyright restrictions.
Please see http://www.kirbyresearch.com/images/etc/
textbook/mae28.jpg. 

Electrophoresis and Electroosmosis 

• Electrophoresis:	 Movement of charged particles under the
influence of electric field

Vq 
+ 

E 

• Electroosmosis:	 Flow of fluid under influence of electric field
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Origins of surface charge  

Chemical origins: 
- Dissociation of surface groups
- Adsorption of charged species

Physical origins: 
- Induced charge

This image has been removed due to 
copyright restrictions.
Please see https:commons.wikimedia
.org/wiki/File:Double_Layer.png. 

© sources unknown. All rights reserved. This 
content is excluded from our Creative 
Commons license. For more information, see 
https://ocw.mit.edu/help/faq-fair-use. 

Electrical double layer  

(simplified) 
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Diffuse layer 
(mobile ions) Stern layer B. Kirby, Micro- and Nanoscale Fluid Mechanics, Cambridge 

(immobile ions) Univ. Press, 2010

© Cambridge University Press. All 
rights reserved. This content is 
excluded from our Creative Commons 
license. For more information, see 
https://ocw.mit.edu/help/faq-fair-use. 
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Israelachvili, Intermolecular and surface forces
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This image has been removed 
due to copyright restrictions. 
Please see https://www.kirbyresearch 
com/images/etc/textbook/mae28.jpg. 
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1:1 electrolyte • �'$,3%�&&��!+,*!�-,!'&
� e n = n exp ± bulk kT 

• �'!++'&<�'$,3%�&&� �)-�,!'&
−ρE e n( + − n− )∇2φ = = −
ε ε 

• ���2��$�&�,

εkT
λD = 2    (1-100 nm)  

2nbulke 
λD
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H;FE;FK  

�$��,*!��$��'-�$�� $�2�*  

• ���2��$�&�, 1:1 electrolyte 

– F� ���$� A�E9H�&% 
– FEE�%��$ � F�&% 
– F�% ��$ � FE�&% 
– ��,�*�� F�5%

• ��,��(',�&,!�$
– �2(!��$$2�E<FEE�%� 
– ��,�*%!&����2�+-*������ �*��� 
�&��!'&!���'&��&,*�,!'&
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This image has been removed 
due to copyright restrictions. 
Please see https://www.kirbyresearch 
com/images/etc/textbook/mae28.jpg. � P��'&+,�&,

d 2u d 2 εE 
φ u = x (φ −φ0 )η = ε E2 η

dy dy2 x

εζ 
ηu = εExφ + C1y + C u2 eo = − E

η x
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Vorticity Generation

B.	Kirby,	Micro- and	Nanoscale	Fluid	Mechanics	for	Engineers:	Transport	in	Microfluidic	Devices 

Zeta	potentials	of	glass	and	PDMS

pC =	-log[counter	ion	concentration	in	mol/L]
Recall:	pH	=	-log[H+]

PDMS

PDMS

(1	M) (10-5 M)
Kirby	&	Hasselbrink,	Electrophoresis (2004)

Silica

(1	M) (10-6 M)

pH
7…..
7.85
5.8..
7…..
7…..
7…..

© John Wiley & Sons, Inc. All rights reserved. This content is 
excluded from our Creative Commons license. For more 
information, see https://ocw.mit.edu/help/faq-fair-use.

http://www.kirbyresearch.com/index.cfm/wrap/textbook/microfluidicsnanofluidics.html
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Electroosmotic pump

P =	P0P0 V!

P0 P >	P0V!

P0 P >	P0 +O(ηueofL/D2)V!

Electroosmotic pump

• ueof (=	-εφEx/η) is
independent	of	diameter

• Velocity	due	 to	pressure
difference	uΔP ~	D2

V!

V!

à Electroosmotic pumping	is	more	effective	at	small	length	scales!

∂p R2

uz = (− )
∂z 8η
8εζ

ΔP = −
R2 L

-
-
-
-

+
+
+
+
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Electrophoretic mobility

• Presence	of	counterions affects	mobility
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Electrophoretic mobility

• Mobility	 (μ):	Particle	velocity	under	unit	electric	field

EVep
!!

µ=

V

r

Fluid	with	viscosity	η

q

+
E

!
!

Fdrag = 6πηrV qE ! q $
Vep = µ

6πηr
EF = # &

"6πηr %
Felectric = qE (Hückel equation)
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Capillary	Electrophoresis	 (CE)
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Electrophoretic/electroosmotic mobilities

• Small	monovalent	ions	(Na+,	 K+,	Cl-,	
etc.):	~10-7 m2/v.s

• Cells:	~10-8 m2/v.s

• In	PDMS,	glass:	~10-7 to	10-8 m2/V.s

• DNA:	4	x	10-8 m2/V.s	or	lower	(in
gels) DNA	mobility	in	TAE	buffer

Salieb-Beugelaar et	 al.,	Lab	Chip 9,	2508	(2009)

Image courtesy of U.S. National
Library of Medicine.

This image has been removed due to 
copyright restrictions.
Please see the image on Page 10 of 
http://nanoparticles.org/pdf/noh.pdf.

http://nanoparticles.org/pdf/noh.pdf
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Electrophoretic separation

( )EV eofiepi µµ += ,

Eeofµ
Eeofep )( µµ +

Separation	based	on	differential	migration	velocities

Migration	velocities	depend	on
-Minimize	elelctroosmotic flow,	 PVP	(polyvinylpyrrolidone)
- Size	and	charge	of	particles
- Interaction	 with	gels/pores,	 if	any

µEF =
q

6πηr
!

"
#

$

%
&

Electrophoretic separation

Δ1−2 = V2 −V1( ) t = µep,2 −µep,1( )Et

tD11 ~Δ

( )
tE

tD
Etepep ∝

−
=

Δ

Δ −

1

1,2,

1

21 µµ

( )EV eofiepi µµ += ,

Eeofµ
Eeofep )( µµ +
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Electrophoresis	 in	microfluidics

• Advantages:
– Higher	electric	fields	easily	possible
– Shorter	time-to-result
– Integration	with	other	processing	steps
– Low	sample	requirements

38

Step	1:	Injection	of	buffer	solution
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39

Step	2:	Injection	of	sample	solutions

40

Step	3:	Start	of	electrophoresis
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Step	4:	EP	Separation

41

Capillary	Electrophoresis	 (CE)

This image has been removed due to copyright restrictions.
Please see the image on Page 9 of http://nanoparticles.org/pdf/noh.pdf.

http://nanoparticles.org/pdf/noh.pdf
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This	week

• Examine	the	motion	of	microparticles under	electric	fields

• Study	the	effect	of	surface	treatment	on	electrokinetic	flow

• Separate	and	analyze	molecules	using	gel	electrophoresis
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