MIT Department of Mechanical Engineering
2.25 Advanced Fluid Mechanics

Problem 5.29
This problem is from “Advanced Fluid Mechanics Problems” by A.H. Shapiro and A.A. Sonin

A

Bearing

The sketch shows a lawn sprinkler with two horizontal arms of radial length R, at the termination of which are
nozzles (exit Area As) pointing in a direction which is at an angle 6 relative to the tangent of a circumferential
line, as shown. The sprinkler is free to rotate, but the bearing on which it is mounted exerts a torque kw
in the direction opposing the rotation, w being the angular rate of rotation. A constant volume flow rate Q
passes through the sprinkler, the flow being incompressible at density p.

e (a) Find an expression for the steady-state angular velocity w of sprinkler in terms of the given quan-
tities R, Ao, 0, Q, p, and k.

e (b) In the steady state, what is the velocity vector of the fluid emerging from the nozzles, as seen by
an observer in the non-rotating reference frame? What is the fluid velocity at the nozzle vent if the
bearing is frictionless (k = 0)?

e (c) If the pipe area at station 1 near the bearing is A;, and the flow from that point to the nozzles is
inviscid, what gage pressure is required at station 1 to sustain the flow rate in this steady state?
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Solution:

e (a)

A

Bearing™

Approaching the problem from the laboratory reference frame and taking our CV as fluid plus sprinkler,
we have

8(/ pr X VdVol) —l—/ pr xV(V.—Vig) - tdA = kw. (5.29a)
o\ Jov cs

steady,==0

The angular momentum theorem is applied here in a direction opposite to w. At the exit of each
horizontal arm, we have a tangential velocity Vy = % cos —wR, then

Q Q
. — L .29b
2p[<2A2 cosd —wR | X R 5 kw, (5.29b)
then
L L (5.29¢)
245(R+ -57)
Approaching from a rotating reference frame, and taking the same CV, we have
0 .
— pr x VAV | + pr xV(V.—Vig) - 2dA = kw + Trict, (5.294d)
ot \ Jve cs
steady,==0
But now, V,. = % cos f only! Hence,
Q Q _
20| ——cosb | x R| = =kw+ [ p2wrv,.dV. (5.29¢)
24, 2

Hence, dV = Ag-mdr and inside the arm v, Agrym = % Hence, evaluating Tr;.; for both the arms we
get the angular momentum equation as
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2 0 R

PQ R cosh = kw + 2pr/ rdr = kw + pwQR2. (5.291)
2A5 0
Rearranging, again we get

0

. L L (5.29g)
242(R+ -57)
e (b) We have the velocity vector emerging from the sprinkler as:

V.= (;jz sin 0> ér + <wR - % cos 0> €p. (5.29h)

If the bearing is frictionless, the angular momentum equation (5.29b) would give wR — % cosf = 0.
Hence the velocity is
Q . . .
V = ——sinfe,. 5.291
7 2A5 " ( )
e (¢) We have to apply Bernoulli from station (1) to nozzle exit. But for that, we should move to non-
inertial rotating reference frame, since only then can we identify a stationary point in space on the
nozzle exit! Applying Bernoulli from station 1 to nozzle exit in the rotating frame, we have 1

1 1 1 .
Pa + ip‘/e%rel - §pw2R2 =D + ip‘/lgu (529.])

where in the rotating reference frame, we simply have Ve%ml = (A%)Q, and the additional % pw?R? term
arises from the pressure rise associated with the centrifugal acceleration of the fluid. (If you find this
term puzzling, think about the result in the case when the sprinkler is rotating, but the inlet at station 1

has been blocked so that there is no radial flow in the pipe. It results from g—f = pVZ/r = prw?)

Hence, gauge pressure piq4 is
1 2 . 0 2
Q = . .29k
p192p{<2 2) w°R ; (5.29k)

Note that if the area A; is quite less than the area at the T-juntion, then it will almost be like a
jet problem where there is a significant internal viscous dissipation. In that case, we cannot apply
Bernoulli across the T-junction. We are not given this area ratio in this problem and hence nothing
can be said here.

In case the two areas are comparable, our result in part (c) is valid.

Problem Solution by MK/MC(Updated 2008)/TJO (Updates 2010), Fall 2008

1Note that we have neglected the radius of the inlet tube, and in the moving reference frame, the water velocity at the inlet
is practically the same as in the non rotating reference frame.
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