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Homework 10 - Solution 
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Problem 1 (10 points): 
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The principle of virtual temperature for a unit area is 
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If we use two-node elements, then for i-th element 

( )
1

1 1(1 ) (1 )
2 2

i
i ir rΘ Θ Θ += − + +  

Page 1 of 4 

 



( ) ( ) ( )

1
2
1

i i i

i i
d d dr d
dX dr dX dr
Θ Θ Θ

Θ Θ += = ⋅ = − +  

Hence 

[ ] [ ]

1

0

1

1

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( )

)

1

1

(

1

1 1
2

1 (1 ) 11 12ˆ ˆ1 1 1 1
1 1 2(1 )
2

1 1 1 1
2 2ˆ

T

T

i i

e

i
i

e

i i i
i

e

i i

e
i

d d d dX
dX Pe dX dX

d d d dr
dX Pe dX dX

r
dr

Per

Pe P

Θ Θ Θ
Θ

Θ Θ Θ
Θ

Θ Θ

Θ

+

−

+

−

⎡ ⎤
+⎢ ⎥

⎣ ⎦
⎡ ⎤

= +⎢ ⎥
⎣ ⎦
⎧ ⎫⎛ ⎞⎡ ⎤−⎪ ⎪⎜ ⎟⎢ ⎥ −⎡ ⎤⎪ ⎪⎜ ⎟= − + −⎢ ⎥⎨ ⎬⎢ ⎥

⎜ ⎟⎣ ⎦⎢ ⎥⎪ ⎪+⎜ ⎟⎢ ⎥⎪ ⎪⎣ ⎦⎝ ⎠⎩ ⎭

− + −
=

∫

∫

∫

( )ˆ
1 1 1 1
2 2

e
i

e e

e

Pe Pe

Θ

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥− − +⎢ ⎥⎣ ⎦

 

where  ( )
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Therefore, the governing equation for the finite element node i by assembling the element (i-1) and (i) is 
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Problem 2 (20 points): 
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We define strains and stresses in local coordinate system ( , )x y . 
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where 21 221 1ˆ Tu u v u vθ θ= ⎡ ⎤⎣ ⎦  

Hence, 
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The corresponding stress-strain matrix is (for a plane stress with a hoop strain) 
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