
2.004 MODELING DYNAMICS AND CONTROL II Spring 2002

Solutions for Problem Set 6

Problem 1. Rod sliding down wall. With the ends of the rod constrained to remain
in contact with the wall and the oor, the rod is completely located by giving the angle �
between the rod and the vertical. Thus the system has one degree-of-freedom, and � is a
convenient generalized coordinate to describe the con�guration of the system.
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Figure 1: Free-body diagram with generalized coordinate �.

The displacement components of the mass center C with respect to the reference frame
XOY are

x =
L

2
sin � and y =

L

2
cos �

and the components of the linear velocity of the mass center are

_x =
L

2
_� cos � and �

L

2
_� sin �

The angular velocity of the rod is ! = _� in the counter-clockwise direction. The external
forces acting on the rod are displayed in Fig.1: the resultant gravity force Mg, and the
reactions from the wall and the oor. Since there is no friction, these reactions, N1 and
N2, are normal to the surfaces. The equation of motion can be derived by applying the lin-
ear momentum principles in the X- and Y-directions and the angular momentum principle
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about the mass center C, and then eliminating the reaction forces N1 and N2 from these
three equations by algebraic manipulation. This is the most straightforward procedure and
will be described �rst. Afterwards, a second more sophisticated procedure, requiring only
the single application of the angular momentum principle about a special moving point B,
is described.

(i) Applying the linear momentum principle to the rod in Fig.1, one has

N1 =
d

dt
(M

L

2
_� cos �) =M

L

2
(�� cos � � _�2 sin �) (1)

in the X-direction, and

N2 �Mg =
d

dt
(�M

L

2
_� sin �) or N2 =Mg �M

L

2
(�� sin � + _�2 cos �) (2)

The moment of inertia of the rod about its center of mass C is IC =ML2=12. Applying
the angular momentum principle about the mass center C yields

N2

L

2
sin � �N1

L

2
cos � =

d

dt
(M

L2

12
_�) =M

L2

12
�� (3)

A single equation for � is obtained by substituting N1 from (1) and N2 from (2) into
(3) to get

L

2
sin �[Mg �M

L

2
(�� sin � + _�2 cos �)]�

L

2
cos �[M

L

2
(�� cos � � _�2 sin �)] =M

L2

12
��

After cancelling the _�2 terms and dividing through by ML2 this reduces to�
1

12
+

1

4
sin2 � +

1

4
cos2 �

�
�� =

g

2L
sin � or �� �

3

2

g

L
sin � = 0 (4)

which is the desired equation of motion.

(ii) The second procedure requires a deeper study of the geometry and a familiarity with
the generalized angular momentum equation

X
~�ext =

d

dt
( ~HB) + ~vB � ~P (5)

The advantage of the second procedure is that the desired equation of motion is ob-
tained from a single application of (5).

As the rod AD of length L in Fig.3 slides down, it is always a diagonal of the rectangle
ABDO. The nature of the motion is clari�ed when one notes that the other diagonal
OB in the same rectangle also has the length L and rotates in the clockwise direction
at the same rate ! = _� as the rod AD rotates in the counter-clockwise direction. The
two diagonals have the same midpoint C. It thus becomes clear that the path of the
rod's mass center C is a circular arc of radius L=2. The linear velocity of C is directed
tengentially around this arc and has the magnitude vC = L _�=2.
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Figure 2: Study of the motions of points C and B.

Note also that the point B, which is at the intersection of the lines of action of the
reaction forces N1 and N2, travels in a circle of radius L. The velocity of B is always
parallel to the velocity of C and ~vB = 2~vC .

The momentum requirements for this system are met, most economically, by applying
the angular momentum principle about the moving point B. The reactions N1 and N2

have no moment about B. The angular momentum of the rod about B is

HB = IC!+
�!

BC �~P =M
L2

12
_� +

L

2

�
M
L

2
_�

�
=M

L2

3
_�

The total external torque about B acting on the rod is due to gravity

X
�ext =Mg

L

2
sin �

Then, since the velocity ~vB of B is parallel to the linear momentum ~P = M~vC , the
general angular momentum equation (5) reduces to

Mg
L

2
sin � =

d

dt

 
M
L2

3
_�

!
or �� �

3

2

g

L
sin � = 0

which is the desired equation of motion.
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Problem 2. Unbalanced disk rolls down incline. The X- and Y-axes are set up
with the X-axis along the inclined plane. The massless disk with the embedded particle
m behaves like most rigid bodies: It has mass m, and a mass center C at the location of
the particle, but because all the mass is concentrated at C, it has the special property that
IC = 0. The equation of motion will be derived by two di�erent procedures. In the �rst
method, two linear momentum equations and one angular momentum equation are used to
eliminate the reaction forces N and T . In the second procedure the equation of motion is
obtained directly from a single application of the angular momentum principle.
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Figure 3: Free body diagram of disk rolling down incline.

(i) Studying the motion, we note that the distance AB rolled down the incline must be
equal to the arc A0B = r� if there is to be no slip. The x- and y-components of the
displacement of the particle m, located at the point C, are

x = r� � l sin � and y = r � l cos �

and, by di�erentiation, the velocity components are

_x = r _� � l _� cos � and _y = l _� sin �

As a result the linear momentum components are

Px = m(r _� � l _� cos �) and Py = ml _� sin �

The forces acting on the disk are the gravity force mg and the reactions forces N and
T displayed in Fig.3. The linear momentum principle requires

T+mg sin� =
dPx
dt

=m(r���l�� cos �+l _�2 sin �) or T = m(r���l�� cos �+l _�2 sin ��g sin�)

(1)
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in the x-direction and

N �mg cos � =
dPy
dt

= m(l�� sin �+ l _�2 cos �) or N = m(l�� sin �+ l _�2 cos �+ g cos�)

(2)
in the y-direction. Because the moment of inertia about the point C vanishes, the
angular momentum principle requires that the sum of the external torques about C
must also vanish. X

�C = Nl sin � + T (r � l cos �) = 0 (3)

The three preceding equations are three equations for N , T , and �. The equation of
motion for � is found by eliminating the reaction forces N and T . Inserting T from
(1) and N from (2) into (3), one �nds

m(l�� sin �+l _�2 cos �+g cos�)l sin �+m(r���l�� cos �+l _�2 sin ��g sin�)(r�l cos �) = 0

which simpli�es to the desired equation of motion.

(r2 + l2 � 2rl cos �)�� + rl _�2 sin � + g[l sin(�+ �)� r sin�] = 0

(ii) In the second procedure, the reaction forces N and T do not enter at all because
the angular momentum principle is applied about the contact point B. These forces
are applied at B, so they have no torque about B. In order to apply the angular
momentum principle about a moving point B, it is necessary to use the general vector
statement of the angular momentum principle

X
~�B =

d

dt
( ~HB) + ~vB � ~P (4)

(Note on vector notation. Vectors are commonly represented in documents by
bold face symbols, by underlined symbols, or by arrows over symbols; e.g., ~f . For
example, a vector velocity is represented by v, or v, or ~v. In vector calculations it
is convenient to use unit vectors aligned with a Cartesian coordinate system. These
unit vectors are represented by the symbols i, j, and k, or by the symbols ex, ey, and
ez, or by the symbols ~ux, ~uy, and ~uz. The arrow-over notation is employed in these
solutions.)

In the present problem, the only torque about B is due to the gravity force mg. From
Fig.3 it is seen that the lever arm for the gravity force is the horizontal displacement
between points C and B. This is the di�erence between the horizontal displacement
of C from O [l sin(�+ �)] and the horizontal displacement of B from O (r sin�). The
counter-clockwise gravity torque is represented by the vector

~�B = mg[l sin(�+ �)� r sin�]~uz (5)

The angular momentum ~HB of the particle m is the moment of the linear momentum
~P about B. Now

~HB =
�!

BC �~P

where

�!

BC= �l sin �~ux+(r�l cos �)~uy and ~P = Px~ux+Py~uy = m(r _��l _� cos �)~ux+ml _� sin �~uy
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so, (remember that the vector cross product of ~A = ax~ux+ay~uy and ~B = bx~ux+ by~uy
is ~A� ~B = (axby � aybx)~uz)

~HB = �m[l2 sin2 � + (r � l cos �)2] _�~uz = �m(r2 + l2 � 2rl cos �) _�~uz

and
d ~HB

dt
= �m(r2 + l2 � 2rl cos �)�� + 2mrl�2)~uz (6)

The last term in Eq.(4) is the cross product of the velocity ~vB of the contact point B
and the linear momentum ~P of the particle m embedded in the massless disk.

Since
~vB = r _�~ux and ~P = m(r _� � l _� cos �)~ux +ml _� sin �~uy

the cross product is
~vB � ~P = mrl _�2 sin �~uz (7)

Finally, inserting the terms (5), (6), and (7) into Eq.(4) the desired equation of motion
is obtained.

(r2 + l2 � 2rl cos �)�� + rl _�2 sin � + g[l sin(�+ �)� r sin�] = 0

Problem 3. Mechanical model of a tight-rope walker.
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Figure 4: Mechanical model of tight-rope walker.
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(a) The length OC is a. The coordinates of C in the frame Oxy are

x = a sin � and y = a cos �

Correct to �rst order in the small angle �, the displacement and velocity components
of C are

x = a�

y = a

and

vx = _x = a _�

vy = _y = 0

(b) A free-body diagram of the rigid body representing the performer is shown in Fig.5.
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Figure 5: Free body diagram of performer model.

The reaction forces X1 nd X2 are from the pivot representing the tight rope. The
reaction forces X2 and Y2 and the torque � represent the actions of the balance pole
acting on the performer. A free-body diagram of the balancing pole is shown in Fig.6.
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Figure 6: Free body diagram of balancing pole.

Note that the reaction forces and torque acting on the balancing pole from the per-
former are equal and opposite to the reaction forces and torque acting on the performer
from the balance pole. This is required by Newton's third law of action and reaction.

(c) Applying the linear momentum principles to the rigid body representing the performer
yields

X1 +X2 =
d

dt
(m1a _�)

Y1 + Y2 �m1g = 0

Applying the linear momentum principles to the balance pole yields

�X2 =
d

dt
(m2a _�)

�Y2 �m2g = 0

The reaction force components obtained from these four linear momentum equations
are

Y2 = �m2g (1)

X2 = �m2a��

Y1 = (m1 +m2)g

X1 = (m1 +m2)a��

(d) Applying the angular momentum principle about the mass center C of the balance
pole yields

� =
d

dt
(I2 _�) = I2 �� (2)

Applying the angular momentum principle about the mass center C of the rigid body
representing the performer yields

� + Y1a� �X1a =
d

dt
(I1 _�)
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which, when the values of X1 and X2 given in (1) are inserted, reduces to

[I1 + (m1 +m2)a
2]�� � (m1 +m2)ga� = � (3)

Equations (2) and (3) are independent equations of motion for �(t) and �(t).

An alternative procedure can be used to obtain equations of motion for � and �
without introducing the reaction forces X1, Y1, X2, and Y2. The idea is to use angular
momentum equations taken about points where these forces act. To eliminate the
forces X2 and Y2, moments should be taken about the point C. A sub-system which
doesn't introduce any other reaction forces is the balancing pole. Applying the angular
momentum principle to the balancing pole about its mass center C produces a dynamic
equation in which no reaction forces appear. This has, in fact, already been done in
deriving Eq.(2). To eliminate the forces X1 and Y1, moments should be taken about
the �xed point O. Here, in order to not reintroduce the internal reaction forces X2

and Y2, the angular momentum principle must be applied to the entire system of
performer and balancing pole. The total clockwise torque about O acting on both
performer and pole is

�o = (m1 +m2)ga�

The total angular momentum about O in the clockwise direction is

Ho = (I1 +m1a
2) _� � I2 _�+ (m2a _�)a

Since O is a �xed point the angular momentum equation has the form

�o =
dHo

dt
or (m1 +m2)ga� = [I1 + (m1 +m2)a

2]�� � I2 �� (4)

Equations (2) and (4) derived by this alternative procedure are a complete and inde-
pendent set of equations of motion. Note that Eq.(4) is not identical to Eq.(3), but
that the pair of (2) and (4) is equivalent to the pair of (2) and (3).
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