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Modulation MatrixModulation Matrix

Matrix form of PR conditions:Matrix form of PR conditions:
[F[F00 (z)  F(z)  F1 1 (z)]     H(z)]     H00(z)  H(z)  H00((--z)       =  [ 2z z)       =  [ 2z ––ll 0 ]0 ]

HH11(z)  H(z)  H11((--z)z)

So                             So                             

[ F[ F00(z)  F(z)  F11(z)]  =   [2z (z)]  =   [2z ––ll 0]  0]  HHmm
––11(z)(z)

HHmm
––11(z)  = (z)  = 11

123123
Modulation matrix,Modulation matrix, HHmm(z)(z)

?? =  =  HH00(z) H(z) H11((--z)  z)  -- HH00 ((--z) Hz) H11 (z)   (must be non(z)   (must be non--zero)zero)

HH11((--z)  z)  --HH00((--z) z) 
--HH11(z)     H(z)     H00(z)(z)

??
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⇒⇒ FF00(z) = (z) = 
11
??

2z2z--ll HH11((--z)z)

FF11(z) =  (z) =  -- 11
??

2z2z--ll HH00((--z)z)

6
7

8
6

7
8 Require these Require these 

to be FIRto be FIR

Suppose we choose Suppose we choose ?? = 2z = 2z -- ll

ThenThen

FF00(z) = H(z) = H11((--z)z)

FF11(z) = (z) = --HH00((--z)z)
6

7
8

6
7

8
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Synthesis modulation matrix:Synthesis modulation matrix:
Complete the second row of matrix PR conditionsComplete the second row of matrix PR conditions
by replacing z with by replacing z with ––z:z:

FF00(z)   F(z)   F11(z)       H(z)       H00(z)    H(z)    H00((--z)                 zz)                 z --ll 00

FF00((--z)  Fz)  F11((--z)      Hz)      H11(z)    H(z)    H11((--z)                0  z)                0  ((--z) z) -- ll

Synthesis Synthesis 
modulationmodulation
matrix, Fmatrix, Fmm(z)(z)

123123

Note the transpose convention in FNote the transpose convention in Fmm(z).(z).

=  2=  2
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Noble IdentitiesNoble Identities
1.1. ConsiderConsider

U(z) = H(zU(z) = H(z22)X(z))X(z)
Y(z) = ½ {U(z Y(z) = ½ {U(z ½ ½ ) + U() + U(--z z ½ ½ )}                  ()}                  (downsamplingdownsampling))

= ½ { H (z) X (z = ½ { H (z) X (z ½½ ) + H(z) X ) + H(z) X ((--zz½ ½ )})}
= H(z) = H(z) •• ½ {½ {XX (z (z ½½) + X () + X (--z z ½½ )}  )}  ⇒⇒ can can downsample                                                      downsample                                                      

first   first   
First Noble identity:First Noble identity:

x [n]x [n]

x [n]x [n]
H(zH(z22)) ↓↓ 22 y[n]y[n]u[n]u[n]

↓↓ 22 H(z)H(z)
y[n]y[n]

≡≡ y[n]y[n]xx[n][n]
H(zH(z22)) ↓↓ 22
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2. 2. ConsiderConsider

xx[n]                        u[n]                        y[n] [n]                        u[n]                        y[n] 

U(z) = H(z) X(z)U(z) = H(z) X(z)
Y(z) = U(zY(z) = U(z22)                   ()                   (upsamplingupsampling))

= H(z= H(z22) X(z) X(z22)       )       ⇒⇒ can can upsample upsample firstfirst

Second Noble Identity:Second Noble Identity:
  xx[n]                           y[n]       [n]                           y[n]       xx[n]                               y[n][n]                               y[n]

H(z)H(z) ↑↑22

≡≡ ↑↑22H(z)H(z)↑↑22 H(zH(z22))
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Derivation of Polyphase FormDerivation of Polyphase Form
1.1. Filtering and Filtering and downsamplingdownsampling::

xx[n]                                     y[n][n]                                     y[n]
↓↓22H(z)H(z)

H(z)  =  H(z)  =  HHeveneven(z(z22)  +  z)  +  z--11 HHoddodd(z(z22); ); hheveneven[n] = h[2n][n] = h[2n]
hhoddodd[n] =  h[2n+1][n] =  h[2n+1]

xx[n][n] ++

HHeveneven(z(z22))

HHoddodd(z(z22))
↓↓22

y[n]y[n]

zz--11
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xx[n][n]

zz--11

HHeveneven(z(z22))

HHoddodd(z(z22))

↓↓22

↓↓22

y[n]y[n]
++

zz--11

HHeveneven(z)(z)

HHoddodd(z)(z)

↓↓22

↓↓22

y[n]y[n]
++

  xx[n][n]

PolyphasePolyphase
FormForm

xxeveneven[n][n]

xxoddodd[n[n--1]1]
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2.2. Upsampling Upsampling and filteringand filtering

xx[n]                                               y[n][n]                                               y[n]

F(z) = F(z) = FFeveneven(z(z22) + z) + z--11 FFoddodd (z(z22))

F(z)F(z)↑↑22

xx[n][n] ++
FFeveneven(z(z22))

FFoddodd(z(z22))
↑↑22

y[n]y[n]

zz--11
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FFeveneven(z(z22))

FFoddodd(z(z22))

↑↑22

↑↑22

y[n]y[n]
++

  xx[n][n]

FFeveneven(z)(z)

FFoddodd(z)(z)

↑↑22

↑↑22

y[n]y[n]
++

  xx[n][n]
yyeveneven[n][n]

yyoddodd[n][n]

zz--11

PolyphasePolyphase
FormForm

zz--11



1111

Polyphase MatrixPolyphase Matrix
Consider the matrix corresponding to the analysis Consider the matrix corresponding to the analysis 
filter bank in filter bank in interleavedinterleaved form.  This is a block form.  This is a block 
Toeplitz Toeplitz matrix:matrix:

HHbb==
LL
LL

hh00[3]  h[3]  h00[2][2]
hh11[3]  h[3]  h11[2][2]

hh00[1]  h[1]  h00[0]       0        0  [0]       0        0  
hh11[1]  h[1]  h11[0]       0        0[0]       0        0

LL

LL

LL 0        0     h0        0     h00[3]  h[3]  h00[2]    h[2]    h00[1]  h[1]  h00[0][0]
LL 0        0     h0        0     h11[3]  h[3]  h11[2]    h[2]    h11[1]  h[1]  h11[0][0]

LL
LL

LL

44--tap Exampletap Example

MM
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Taking block zTaking block z--transform we get:transform we get:

HHpp(z) =       h(z) =       h00[0]  h[0]  h00[1][1]
hh11[0]  h[0]  h11[1]      [1]      +  z+  z--11 hh00[2]  h[2]  h00[3][3]

hh11[2]  h[2]  h11[3][3]

==
hh11[0] + z[0] + z--11 hh11[2]     h[2]     h11[1] + z[1] + z--11 hh11[3][3]
hh00[0] + z[0] + z--11 hh00[2]   [2]   hh00[1] + z[1] + z--11 hh00[3][3]

== HH0,even0,even (z)       H(z)       H0,odd0,odd (z)(z)
HH1,even1,even (z)       H(z)       H1,odd 1,odd (z)(z)

This is the polyphase matrix for a 2This is the polyphase matrix for a 2--channel filter bank.channel filter bank.
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Similarly, for the synthesis filter bank:Similarly, for the synthesis filter bank:

FFbb = = ff00[0]  f[0]  f11[0][0]
ff00[1]  f[1]  f11[1][1]

ff00[2]  f[2]  f11[2][2]
ff00[3]  f[3]  f11[3][3]

ff00[0]  f[0]  f11[0][0]
ff00[1]  f[1]  f11[1][1]

ff00[2]  f[2]  f11[2][2]
ff00[3]  f[3]  f11[3][3]

0        00        0
0        00        0

0           00           0
0           00           0

MM MM MM MM

LL

MM MM MMMM

LL
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Note transpose Note transpose 
convention for convention for 
synthesissynthesis
polyphase matrixpolyphase matrix

ff00[0]  f[0]  f11[0][0]
ff00[1]  f[1]  f11[1][1]

ff00[2]  f[2]  f11[2][2]
ff00[3]  f[3]  f11[3][3]+ z+ z--11FFpp(z)  =(z)  =

== FF0,even 0,even [z]  F[z]  F1,even 1,even [z][z]
FF0, odd  0, odd  [z]  F[z]  F1, odd  1, odd  [z][z]

• Perfect reconstruction condition in polyphase domain:Perfect reconstruction condition in polyphase domain:

FFpp(z)  H(z)  Hpp(z)  = I   (centered form(z)  = I   (centered form))

This means that HThis means that Hpp(z) must be invertible for all z on the (z) must be invertible for all z on the 
unit circle, i.e.unit circle, i.e.

detdet HHpp((eeiiωω)  )  ≠≠ 0 for all frequencies 0 for all frequencies ωω..
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•• Given that the analysis filters are FIR, the Given that the analysis filters are FIR, the 
requirement for the synthesis filters to be also requirement for the synthesis filters to be also 
FIR is:FIR is:

det det HHpp(z)  = z(z)  = z--ll (simple delay)(simple delay)

because  Hbecause  Hpp
--11(z)  must be a polynomial.(z)  must be a polynomial.

•• Condition for orthogonality: Condition for orthogonality: FFpp(z) is the transpose (z) is the transpose 
of Hof Hpp(z), i.e.(z), i.e.

HHpp
TT(z(z--11)  H)  Hpp(z)  = I(z)  = I

i.e. Hi.e. Hpp(z) should be (z) should be paraunitaryparaunitary. . 
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Relationship between Modulation Relationship between Modulation 
and Polyphase Matricesand Polyphase Matrices

hh0,even0,even[n] = h[n] = h00[2n][2n]
HH00(z) = H(z) = H0,even0,even(z(z22) + z) + z--11 HH0,odd0,odd(z(z22) ;) ;

hh0,odd0,odd[n] = h[n] = h00[2n+1][2n+1]
HH11(z) = H(z) = H1,even1,even(z(z22) + z) + z--11 HH1,odd1,odd(z(z22))
Two more equations by replacing z with Two more equations by replacing z with --z.z.
So in matrix form:So in matrix form:

HH00(z)  H(z)  H00((--z)         Hz)         H0,even0,even(z(z22)  H)  H0,odd0,odd(z(z22)     1      1)     1      1
HH11(z)  H(z)  H11((--z)         Hz)         H1,even1,even(z(z22)  H)  H1,odd1,odd(z(z22)     z)     z--11 --zz--11

123123 123123
HHmm(z)(z)

Modulation matrixModulation matrix
HHpp(z(z22))

Polyphase matrixPolyphase matrix

==

1
4

2
4

3
1

4
2

4
3



1717

ButBut
1      1                 1               1    11      1                 1               1    1
zz--11 --zz--11 zz--11 1   1   --11==

123123 123123

FF22
Delay Matrix   2Delay Matrix   2--point DFT Matrixpoint DFT Matrix

DD22(z)(z)

FFNN = = 

1    1     1   …   11    1     1   …   1
1    1    ww ww22 …   …   w w NN--11

1    1    ww2 2 ww44 …   …   ww 2(N2(N--1)1)

.      .      ..      .      .

.      .      ..      .      .

.      .      ..      .      .
1    1    wwNN--11 ww2(N2(N--1)1) ww(N(N--1)1)22

;   w = ;   w = eei                   i                   NN--point DFTpoint DFT
MatrixMatrix

NN

FFN   N   =   =   1  1  FFNN
Complex conjugate: replace Complex conjugate: replace ww with with ww = e= e--iiNN

--11

22ππ

NN
22ππ
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So, in generalSo, in general

HHmm(z) F(z) F--11 =     H=     Hpp((zzNN) D) DNN(z)(z)

N = # of channels in N = # of channels in filterbankfilterbank
(N = 2 in our example)(N = 2 in our example)

NN
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Polyphase MatrixPolyphase Matrix
Example: Daubechies 4Example: Daubechies 4--tap filter tap filter 

1+1+√√3              3 + 3              3 + √√3                3 3                3 --√√3              13              1 -- √√33
4 4 √√2                42                4 √√2                    42                    4 √√2                42                4 √√22

{(1 + {(1 + √√3 ) + (3 + 3 ) + (3 + √√3 ) z3 ) z--1 1 + (3 + (3 -- √√ 3) z3) z--2 2 + (1 + (1 -- √√3) z3) z--33}}

hh00[0] =[0] =

HH00(z) =(z) =

HH11(z) = (z) = 11
44√√22

{(1 {(1 -- √√3) 3) –– (3 (3 -- √√3) z3) z--11 + (3 + + (3 + √√3)z3)z--22 –– (1 + (1 + √√3)z3)z--33}}

44√√22
11

hh00[1] =[1] = hh00[2] =[2] = hh00[3] =[3] =
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Time domain:Time domain:
hh00[0][0]22 + h+ h00[1][1]22 + h+ h00[2][2]22 + h+ h00[3][3]22 =  =  1  1  {(4 + 2{(4 + 2√√3) + (12 + 6 3) + (12 + 6 √√3) +3) +

(12 (12 –– 6 6 √√3)  + (4 3)  + (4 –– 2 2 √√3)}3)}
= 1= 1

hh00[0] h[0] h00[2] + h[2] + h00[1] h[1] h00[3]   =   [3]   =   11 {(2{(2√√3) + (3) + (--22√√3)}3)}

= 0= 0

i.e. filter is orthogonal to its double shiftsi.e. filter is orthogonal to its double shifts

3232

3232
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Polyphase Domain:Polyphase Domain:
{(1 + {(1 + √√3) + (3 3) + (3 --  √ √3) z3) z--11}}

{(3 + {(3 + √√3) + (1 3) + (1 -- √√3) z3) z--11}}

{(1 {(1 -- √√3) + (3 + 3) + (3 + √√3) z3) z--11}}

{ { -- (3 (3 -- √√3) 3) –– (1 + (1 + √√3) z3) z--11}}11
44 √ √22

11
44 √ √22

11
44 √ √22

11
44 √ √22

==

==

==

==

HH0,even0,even(z)(z)

HH0,odd0,odd(z)(z)

HH1,even1,even(z)(z)

HH1,odd1,odd(z)(z)

1 + 1 + √√3     3 + 3     3 + √√3                 3 3                 3 -- √√3         1 3         1 -- √√33

1 1 -- √√3     3     --(3 (3 -- √√3)               3 + 3)               3 + √√3     3     --(1 + (1 + √√3) 3) 

HHpp(z) =(z) = 11
44√√22

11
44√√22++

123123 123123
BBAA

zz--11
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HHpp(z) = A + B z(z) = A + B z--11

HHpp
TT(z(z--11) H) Hpp(z)  = (A(z)  = (ATT + B+ BTT z)(A + z)(A + BzBz--11))

= (A= (ATTA + BA + BTTB) + B) + AATTBzBz--11 + + BBTTAzAz

AATTA =A = 11
44√√22

1 + 1 + √√33
3 +3 + √√33

1 1 -- √√33
-- (3 (3 -- √√3)3)

11
44√√22

1 + 1 + √√3     3 + 3     3 + √√33
1 1 -- √√3     3     --(3(3--√√3)3)

(4 + 2(4 + 2√√3) + (4 3) + (4 -- 22√√3)   (6 + 43)   (6 + 4√√3)   3)   -- (6 (6 -- 44√√3)3)
(6 + 4(6 + 4√√3) 3) -- (6 (6 -- 44√√3)   (12 + 63)   (12 + 6√√3) + (12 3) + (12 -- 66√√3)3)

== 11
3232

¼¼ √√3/43/4

√√3/4   3/4   ¾¾==
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BBTTB  =B  = 11
4 4 √√22

3 3 -- √√3    3 + 3    3 + √√33
1 1 -- √√3 3 --(1 + (1 + √√3)3)

11
4 4 √√22

3 3 -- √√3      1 3      1 -- √√33
3 + 3 + √√3  3  -- (1 + (1 + √√3)3)

==
11
3232

(12 (12 –– 66√√3) + (12 + 63) + (12 + 6√√3)   (6 3)   (6 -- 44√√3) 3) -- (6 + 4(6 + 4√√3)3)
(6 (6 -- 44√√3) 3) –– (6 + 4(6 + 4√√3)        (4 3)        (4 -- 22√√3) + (4 + 23) + (4 + 2√√3)3)

== ¾¾ -- √√3/43/4

-- √√3/4   3/4   ¼¼

⇒⇒ AATTA + BA + BTTB  =  IB  =  I
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AATTB =B = 11
4 4 √√22

1 + 1 + √√3    1 3    1 --√√33
3 + 3 + √√3  3  --(3(3--√√3)3)

3 3 -- √√3    1 3    1 --√√33
3 + 3 + √√3  3  --(1+(1+√√3)3)

11
4 4 √√22

11
3232==

(2 (2 √√3) + (3) + (--22√√3)    (3)    (--2) 2) –– ((--2)2)
(6) (6) –– (6)              ((6)              (--2 2 √√3) + (2 3) + (2 √√3)3)

=    0=    0

BBTTA   =    (AA   =    (ATTB)B)TT =  0=  0

SoSo

HHpp
TT(z(z--11)  H)  Hpp(z)  =  I  (z)  =  I  i.e. Hi.e. Hpp(z) is a (z) is a ParaunitaryParaunitary MatrixMatrix
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Modulation domain:Modulation domain:

HH00(z)  H(z)  H00(z(z--11)  =  P(z)  =)  =  P(z)  = 11
1616 ((--zz33 + 9z + 16 + 9z+ 9z + 16 + 9z--11 –– zz--33))

HH00((--z) Hz) H00((--zz--11) = P() = P(--z)  =z)  = 11
1616 (z(z33 –– 9z + 16 9z + 16 –– 9z9z--11 + z+ z--33))

SoSo
HH00(z) H(z) H00(z(z--11)   +  H)   +  H00((--z)  Hz)  H00((--zz--11)  =  2)  =  2

i.e.i.e.
|H|H00((ωω)|)|^2^2 +  |H+  |H00((ω + πω + π)|)|^2^2 =  2=  2
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Magnitude response of Daubechies 4-tap filter.

Fr
eq

ue
nc

y 
re

sp
on

se
 p

ha
se

Angular frequency (normalized by π)

Magnitude Response of Daubechies 4Magnitude Response of Daubechies 4--tap filter.tap filter.
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Phase response of Daubechies 4-tap filter.
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Phase response of Daubechies 4Phase response of Daubechies 4--tap filter.tap filter.


