
Filter Banks: time domainFilter Banks: time domain 
((HaarHaar example) and frequency domain;example) and frequency domain; 

conditions for alias cancellationconditions for alias cancellation 
and no distortionand no distortion 
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Simplest (nonSimplest (non--trivial) example of a two channel FIRtrivial) example of a two channel FIR 
perfect reconstruction filter bank.perfect reconstruction filter bank. 

hh00[n][n] 

hh11[n][n] 

flfl22 

flfl22 

x[n]x[n] 
yy00[n][n] 

yy11[n][n] ››22 

››22 

AnalysisAnalysis 

rr00[n][n] 

rr11[n][n] 

ff00[n][n] 

ff11[n][n] 

x[n]x[n]^̂ 
SynthesisSynthesis 

vv00[n][n] 

vv11[n][n]tt11[n][n] 

tt00[n][n] 

hh00[n] =[n] = ff00[n] =[n] = 
00 11 

11 
��22 

11 
��22 

11 
��22 

11 
��22 

--11 00 



33 

hh11[n] =[n] = ff11[n] =[n] = 

--11 
��22 

11 
��22 

--11 
��22 

11 
��22 

00 11 --11 00 

Analysis:Analysis: 

rr00[n] = (x[n] + x[n[n] = (x[n] + x[n –– 1])1]) lowpasslowpass filterfilter 

yy00[n] = r[n] = r00[2n][2n] downsamplerdownsampler 

yy00[n] =[n] = (x[2n] + x[2n(x[2n] + x[2n –– 1])1]) ----------------------------------jj 

SimilarlySimilarly 

yy11[n] = (x[2n][n] = (x[2n] –– x[2nx[2n –– 1])1]) ------------------------------------kk 

11 
��22 

11 
��22 

11 
��22 
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Matrix formMatrix form 

MM
MM 

== 

MM 
yy00[0][0] 
yy00[1][1] 

:: 

M 

:: 
yy11[0][0] 
yy11[1][1] 

11 
��22 

MM 
LL 1 1 0 01 1 0 0 LL 
LL 0 0 1 10 0 1 1 LL 

LL --1 1 0 01 1 0 0 LL 
LL 0 00 0 --1 11 1 LL 

MM 

:: 
x[x[--1]1] 
x[0]x[0] 
x[1]x[1] 

x[2]x[2] 

:: 
:: 

--------------------------------------ll
yyoo 

yy11 
== 

LL 

BB 
xx 



55 

SynthesisSynthesis 
yy00[n/2] n even[n/2] n even 

tt00[n] =[n] = upsamplerupsampler 
0 n odd0 n odd 

vv00[n] =[n] = ( t( t00[n + 1] + t[n + 1] + t00[n])[n]) lowpasslowpass filterfilter 

yy00[n/2] n even[n/2] n even 

yy00[ ] n odd[ ] n odd 

1
4

2
4

3
1

4
2

4
3

 

11 
��22 

1
4

2
4

3
1

4
2

4
3

 

= 
11 

��22 

11 
��22 

n + 1n + 1 
22 
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SimilarlySimilarly 

vv11[n] =[n] = 

1
4

2
4

3
1

4
2

4
3

 

11 
��22 yy11[n/2] n even[n/2] n even 

11 
��22 -- yy11[ ] n odd[ ] n oddn + 1n + 1 

22 

1
4

2
4

3
1

4
2

4
3

 

11 
��22 (y(y00[n/2] + y[n/2] + y11[n/2]) n even[n/2]) n even 

^̂ 

So, the reconstructed signal isSo, the reconstructed signal is 

x[n] = vx[n] = v00[n] + v[n] + v11[n][n] 

== 
11 
��22 (y(y00[ ][ ] -- yy11[ ]) n odd[ ]) n oddn + 1n + 1 

22 
n + 1n + 1 

22 
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i.e.i.e. 
x[2nx[2n--1] = (y1] = (y00[n][n] –– yy11[n]) = x[2n[n]) = x[2n--1]1] 

x[2n] = (yx[2n] = (y00[n] + y[n] + y11[n]) = x[2n][n]) = x[2n] 

So x[n] = x[n]So x[n] = x[n] �� Perfect reconstruction!Perfect reconstruction! 

In general, we will make all filters causal, so we willIn general, we will make all filters causal, so we will 
havehave 

x[n] = x[nx[n] = x[n –– nn00]] �� PR with delayPR with delay 

11 
��22 ^̂ 

11 
��22 

fromfrom jj andand kk 
^̂ 

^̂ 

^̂ 
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Matrix formMatrix form 

MM
MM== 

x[x[--1]1] 
x[0]x[0] 

x[1]x[1] 
x[2]x[2] 
MM 

11 
��22 

1 01 0 --1 01 0 
1 0 1 11 0 1 1 

0 1 00 1 0 --11 
0 10 1 --1 11 1 ^̂ 

^̂ 

^̂ 
^̂ yy00[0][0] 

yy00[1][1] 
MM 

MM 
yy11[0][0] 
yy11[1][1] 

MMMM MM MM 

LL LL 

MM MM 

LL LL 

MMMM MM MM 
MM 

^̂ x = Lx = LTT BBTT 
yy00 

yy11 

--------------------------------mm 
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Perfect reconstruction means that the synthesisPerfect reconstruction means that the synthesis 
bank is the inverse of the analysis bank.bank is the inverse of the analysis bank. 

x = xx = x �� LLTT BBT                           T = I= I 
LL 

BB 
^̂ 

123123 123123 

WW--11 WW 
Wavelet transformWavelet transform 
matrixmatrix łł 

�� 
�� 

ŁŁ 
�� 
�� 

In theIn the HaarHaar example, we have the special caseexample, we have the special case 

WW––11 = W= WTT fifi orthogonal matrixorthogonal matrix 
So we have anSo we have an orthogonalorthogonal filter bank, wherefilter bank, where 
Synthesis bank = Transpose of Analysis bankSynthesis bank = Transpose of Analysis bank 

ff00[n] = h[n] = h00[[-- n]n] 
ff11[n] = h[n] = h11[[-- n]n] 
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Perfect Reconstruction Filter BanksPerfect Reconstruction Filter Banks 
General twoGeneral two--channel filter bankchannel filter bank 

HH00(z)(z) 

HH11(z)(z) 

flfl22 

flfl22 

x[n]x[n] 

yy00[n][n] 

yy11[n][n] 
››22 

››22 
rr00[n][n] 

rr11[n][n] 

FF00(z)(z) 

FF11(z)(z) 

x[n]x[n]^̂ 

vv00[n][n] 

vv11[n][n]tt11[n][n] 

tt00[n][n] 

LL 

LL 

zz--transform definition:transform definition: 

X(z) =X(z) = �� x[n]zx[n]z--nn 

Put z =Put z = eeii ww to get DTFTto get DTFT 

¯̄ 

¥¥ 

n=n=--¥¥ 
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Perfect reconstruction requirement:Perfect reconstruction requirement: 

x[n] = x[nx[n] = x[n -- ll] (] (ll time delays)time delays) 

X(z) = zX(z) = z-- ll X(z)X(z) 
HH00(z) and H(z) and H11(z) are normally(z) are normally lowpasslowpass andand highpasshighpass,, 
but not idealbut not ideal 

^̂ 
^̂ 

�� DownsamplingDownsampling operation in each channel canoperation in each channel can 
produceproduce aliasingaliasing 

22 22 
--pp --pp 00 pp pp ww 

HH11((ww)) 11 HH00((ww)) HH11((ww)) 
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Let’s see why:Let’s see why: 

LowpassLowpass channel haschannel has 

YY00(z) =(z) = ½½{R{R00(z(z½½) + R) + R00((--zz½½)})} ((downsamplingdownsampling)) 

== ½½{H{H00(z(z½½) X (z) X (z½½) + H) + H00((--zz½½)X()X(--zz½½)})} 

In frequency domain:In frequency domain: 
X(z)X(z) fifi X(X(ww) or X() or X(eeiiww)) 
X(X(--z)z) fifi X(X(ww ++ pp)) 
X(zX(z½½)) fifi X( )X( ) 

YY00((ww) =) = ½½{H{H00( ) X( ) + H( ) X( ) + H00( +( + pp)X()X( ++ pp)})} 

ww 
22 

ww 
22 

ww 
22 

ww 
22 

ww 
22 
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Suppose X(Suppose X(ww) = 1 (input has all frequencies)) = 1 (input has all frequencies) 
Then RThen R00((ww) = H) = H00((ww), so that after), so that after downsamplingdownsampling we havewe have 

YY00((ww) =) = 

pp 

--pp 00 pp ww 

½½RR00( + )( + ) ½½ ½½RR00( )( ) ½½RR00( + )( + )ww 
22

ww 
22 

ww 
22 

pp 

aliasingaliasing 

Goal is to design FGoal is to design F00(z) and F(z) and F11(z) so that the overall(z) so that the overall 
system is just a simple delaysystem is just a simple delay -- with nowith no aliasingaliasing term:term: 

VV00(z) + V(z) + V11(z) = z(z) = z-- ll X(z)X(z) 
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VV00(z) = F(z) = F00(z) T(z) T00(z)(z) 

= F= F00(z) Y(z) Y00(z(z22)) ((upsamplingupsampling)) 

== ½½FF00(z){ H(z){ H00(z) X(z) + H(z) X(z) + H00((--z) X(z) X(--z)}z)} 

VV11(z) =(z) = ½½FF11(z){ H(z){ H11(z) X(z) + H(z) X(z) + H11((--z) X(z) X(--z)}z)} 

So we wantSo we want 

½½ {F{F00(z) H(z) H00(z) + F(z) + F11(z) H(z) H11(z) } X(z)(z) } X(z) 

+ =+ = zz-- ll X(z)X(z) 

½½ {F{F00(z) H(z) H00((--z) + Fz) + F11(z) H(z) H11((--z) } X(z) } X(--z)z) 
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Compare terms in X(z) and X(Compare terms in X(z) and X(--z):z): 
1)1) Condition for no distortion (terms in X (z) amountCondition for no distortion (terms in X (z) amount 

to a delay)to a delay) 

FF00(z) H(z) H00(z) + F(z) + F11(z) H(z) H11(z) = 2z(z) = 2z-- ll 

2)2) Condition for alias cancellation (no term in X(Condition for alias cancellation (no term in X(--z))z)) 

FF00(z) H(z) H00((--z) + Fz) + F11(z) H(z) H11((--z) = 0z) = 0 

To satisfy alias cancellation condition, chooseTo satisfy alias cancellation condition, choose 

FF00(z) = H(z) = H11((--z)z) 
FF11(z) =(z) = --HH00((--z)z) 

----------------------------jj 

----------------------------kk 

--------------------------------------------ll 
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What happens in the time domain?What happens in the time domain? 
FF00(z) = H(z) = H11((--z) Fz) F00((ww) = H) = H11((ww ++ pp)) 

== �� hh11[n] ([n] (--z)z)--nn 

== �� ((--1)1)n n hh11[n] z[n] z--nn 

So the filter coefficients areSo the filter coefficients are 
ff00[n] = ([n] = (--1)1)nn hh11[n] alternating signs[n] alternating signs 
ff11[n] = ([n] = (--1)1)n+1n+1 hh00[n] rule[n] rule 

ExampleExample 
hh00[n] = { a[n] = { a00, a, a11, a, a22} f} f00[n] = { b[n] = { b00,, --bb11, b, b2 2 }} 

hh11[n] = { b[n] = { b00, b, b11, b, b22} f} f11[n] = {[n] = {--aa00, a, a11,, --aa22}} 

nn 

nn 
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Product FilterProduct Filter 
DefineDefine 

PP00(z) = F(z) = F00(z) H(z) H00(z)(z) 

Substitute FSubstitute F11(z) =(z) = --HH00((--z) , Hz) , H11(z) = F(z) = F00((--z)z) 
in the zero distortion condition (Equationin the zero distortion condition (Equation jj)) 

FF00(z) H(z) H00(z)(z) -- FF00((--z) Hz) H00((--z) = 2zz) = 2z-- ll 

i.e. Pi.e. P00(z)(z) -- PP00((--z) = 2zz) = 2z--ll 

Note:Note: ll must be odd since LHS is an odd function.must be odd since LHS is an odd function. 

------------------------------------------------------------mm 

--------------------------------------------------------nn 
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Normalized Product FilterNormalized Product Filter 
DefineDefine 

P(z) = zP(z) = zll PP00(z)(z) --------------------------------------------------------oo 

P(P(--z) =z) = --zzll PP00((--z) sincez) since ll is oddis odd 

So we can rewrite EquationSo we can rewrite Equation nn asas 
zz-- ll P(z) + zP(z) + z-- ll P(P(--z) = 2zz) = 2z-- ll 

i.e. P(z) + P(i.e. P(z) + P(--z) = 2z) = 2 ------------------------------------------------------pp 

This is the condition on the normalized product filterThis is the condition on the normalized product filter 
for Perfect Reconstruction.for Perfect Reconstruction. 
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Design ProcessDesign Process 
1.1. Design P(z) to satisfy EquationDesign P(z) to satisfy Equation pp. This gives. This gives 

PP00(z). Note: P(z) is designed to be(z). Note: P(z) is designed to be lowpasslowpass.. 
2.2. Factor PFactor P00(z) into F(z) into F00(z) H(z) H00(z). Use Equations(z). Use Equations ll toto 

find Hfind H11(z) and F(z) and F11(z).(z). 
Note: EquationNote: Equation pp requires all even powers of zrequires all even powers of z 
(except z(except z00) to be zero:) to be zero: 

�� p[n]zp[n]z--nn ++ �� p[n](p[n](--z)z)--nn = 2= 2 

�� p[n] =p[n] = 

nn nn 

1
2

3
1

2
3

 

1 ; n = 01 ; n = 0 
0 ; all even n (n0 ; all even n (n „„ 0)0) 
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For odd n, p[n] andFor odd n, p[n] and ––p[n] cancel.p[n] cancel. 
The odd coefficients, p[n], are free to be designedThe odd coefficients, p[n], are free to be designed 
according to additional criteria.according to additional criteria. 

Example:Example: HaarHaar filter bankfilter bank 

HH00(z) =(z) = (1 + z(1 + z--11) H) H11(z) = (1(z) = (1 –– zz--11)) 

FF00(z) = H(z) = H11((--z) =z) = (1 + z(1 + z--11)) 

FF11(z) =(z) = --HH00((--z) = (1z) = (1-- zz--11)) 

PP00(z) = F(z) = F00(z) H(z) H00(z) = (1 + z(z) = (1 + z--11))22 

11 
��22 

11 
��22 

11 
��22 
--11 

��22 
11 
22 
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So the Perfect Reconstruction requirement isSo the Perfect Reconstruction requirement is 

PP00(z)(z) –– PP00((--z) =z) = (1 + 2z(1 + 2z--11 + z+ z--22)) -- (1(1 ––2z2z--11 + z+ z--22)) 

= 2z= 2z--11 �� ll = 1= 1 

P(z) = zP(z) = zll PP00(z) = (1 + z)(1 + z(z) = (1 + z)(1 + z--11)) 

11 
22 

11 
22 

11 
22 

22ndnd orderorder 
zero atzero at 
z =z = --11 

lmlm 

11 RRee 

zz 
Zeros of P(z):Zeros of P(z): 
1 + z = 01 + z = 0 
1 + z1 + z--11 = 0= 0 


