
Course 18.327 and 1.130Course 18.327 and 1.130
Wavelets and Filter BanksWavelets and Filter Banks

MM--band wavelets: DFT filter banks and band wavelets: DFT filter banks and 
cosine modulated filter banks.cosine modulated filter banks.

MultiwaveletsMultiwavelets..
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MM--channel Filter channel Filter BBanksanks

•• Used in communication e.g. DSLUsed in communication e.g. DSL
•• 1 Scaling function,   M1 Scaling function,   M--1 wavelets1 wavelets

HH00((ωω)) ↓↓MMX(X(ωω))

HH11((ωω)) ↓↓MM

HHMM--11((ωω)) ↓↓MM
MM

FF00((ωω))↑↑MM

FF11((ωω))↑↑MM

FFMM--11((ωω))↑↑MM X(X(ωω))^̂

((↑↑2)(2)(↓↓2)X(2)X(ωω)  = )  = ½½ [X([X(ωω)+X()+X(ωω + + ππ)])]
((↑↑M)(M)(↓↓M)X(M)X(ωω)  = )  = [[∑∑ X(X(ωω +      )]+      )]MM

MM--11

n=0n=0
22ππnn
MM

11
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Perfect ReconstructionPerfect Reconstruction

∑∑ FFkk((ωω)   )   ∑∑ X(X(ωω +     )+     )HHkk((ωω +      )  =  e+      )  =  e--iiωωllX(X(ωω))

i.e.      i.e.      ∑∑ X(X(ωω +      ) +      ) ∑∑ FFkk((ωω))HHkk((ωω +      ) =  e+      ) =  e--iiωωllX(X(ωω))
Matching terms on either sideMatching terms on either side

n = 0        n = 0        ∑∑ FFkk((ωω))HHkk((ωω)  =  Me)  =  Me--iiωωll no distortionno distortion

n n ≠≠ 0  0  ∑∑ FFkk((ωω))HHkk((ωω +      )  =  0      no +      )  =  0      no aliasingaliasing

11
MM

MM--11
n=0n=0

22ππnn
MM

22ππnn
MM

MM--11

k=0k=0

22ππnn
MM

MM--11
n=0n=0

MM--11

k=0k=0
22ππnn
MM

22ππnn
MM

MM--11
k=0k=0
MM--11
k=0k=0

11
MM
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e.g.  M  =  3e.g.  M  =  3
FF00((ωω)H)H00((ωω) + F) + F11((ωω)H)H11((ωω)+F)+F22((ωω)H)H22((ωω)  =  3e)  =  3e--iiωωll

FF00((ωω)H)H00((ωω +     ) + F+     ) + F11((ωω)H)H11((ωω +     ) + F+     ) + F22((ωω)H)H22((ωω +    ) = 0+    ) = 0
FF00((ωω)H)H00((ωω +    ) + F+    ) + F11((ωω)H)H11((ωω +     ) + F+     ) + F22((ωω)H)H22((ωω +     ) = 0+     ) = 0

Cast in matrix form Cast in matrix form 
[F[F00((ωω)   F)   F11((ωω)   F)   F22((ωω)] )] HHmm((ωω)  =  [3e)  =  [3e--iiωωll 0    0]0    0]

HH00((ωω)   H)   H00((ωω+    )   H+    )   H00((ωω+    )+    )
HH11((ωω)   )   HH11((ωω+    )   H+    )   H11((ωω+    )+    )
HH22((ωω)   H)   H22((ωω+    )   H+    )   H22((ωω+    )+    )

22ππ
33

22ππ
33

22ππ
33

44ππ
33

44ππ
33

44ππ
33

22ππ
33

HHmm((ωω) =) = 22ππ
3322ππ
33

44ππ
33

44ππ
33

44ππ
33



55

Polyphase Polyphase RepresentationRepresentation

↓↓MM

↓↓MM

↓↓MM

↓↓MMX(z)X(z) XX00(z)(z)

XXMM--11(z)(z)

HHpp(z)(z)
MM

zz--11

zz--11

zz--11

MM MM

XX11(z)(z)

XX22(z)(z)

YYMM--11(z)(z)

YY22(z)(z)

YY11(z)(z)

YY00(z)(z)

x[x[MnMn]  ]  ↔↔ XX00(z)  =  x[0] + z(z)  =  x[0] + z--11x[M] + zx[M] + z--22x[2M] + zx[2M] + z--33x[3M] + x[3M] + ……
x[x[MnMn--1]  1]  ↔↔ XX11(z)  =  x[(z)  =  x[––1] + z1] + z--11x[Mx[M--1] + z1] + z--22x[2Mx[2M--1] + 1] + ……
x[x[MnMn--2]  2]  ↔↔ XX22(z)  =  x[(z)  =  x[––2] + z2] + z––11x[Mx[M--2] + z2] + z--22x[2Mx[2M--2] + 2] + ……

MM
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To recover X(z) from XTo recover X(z) from X00(z), X(z), X11(z), X(z), X22(z), (z), ……
X(z)  =  X(z)  =  ∑∑ zzkkXXkk((zzMM) ) 

Much more freedom than 2 channel caseMuch more freedom than 2 channel case
e.g. can have e.g. can have orthogonality orthogonality & symmetry& symmetry

Consider Consider HaarHaar FB (M = 2)FB (M = 2)
1     11     1

Then HThen Hpp(z)  =              =  F(z)  =              =  F22 (2 pt DFT matrix) (2 pt DFT matrix) 
1    1    --1    1    

k=0k=0
MM--11
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MM--pt DFT matrixpt DFT matrix

1    1     1            11    1     1            1
1    w    w1    w    w22 wwMM--11

1    w1    w22 ww44 ww2(M2(M--1)1)

MM MM

1   1   wwMM--1  1  ww2(M2(M--1)    1)    ww(M(M--1)(M1)(M--1)1)

FFMM == w  =  ew  =  e--ii 22ππ
MM
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Suppose HSuppose Hpp(z)  =  F(z)  =  FMM

YY00(z)  =  (z)  =  ∑∑ XXnn(z)      =    (z)      =    ∑∑ x[x[--n]  +   n]  +   ∑∑ x[Mx[M--n]  zn]  z--11 + + ……

YY11(z)  =  (z)  =  ∑∑ wwnnXXnn(z)  = (z)  = ∑∑ wwnnxx[[––n] +   n] +   ∑∑ wwnn--MMxx[M[M--n]  zn]  z--11 + + ……

YYkk(z)  =  (z)  =  ∑∑ wwknknXXnn(z) = (z) = ∑∑ wwknknxx[[--n]  +    n]  +    ∑∑ wwk(nk(n--M)M)x[Mx[M--n]  zn]  z--11 + + ……

MM--11 MM--11 MM--11

n=0n=0 n=0n=0 n=0n=0
MM--11 MM--11 MM--11

n=0n=0 n=0n=0 n=0n=0
M MM--11 MM--11

n=0n=0n=0n=0

   
  

DFTDFTDFTDFT
1424314243 1424314243

M ptsM pts M ptsM pts

…

…

MM--11

n=0n=0

   

Terms in zTerms in z--kk are DFT coefficients of are DFT coefficients of kkthth block of data.block of data.

So filter bank performs a block DFT.So filter bank performs a block DFT.
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Modulation followed by filteringModulation followed by filtering

↓↓MM

↓↓MM

↓↓MM
↓↓MMx[n]x[n]

MM (w(w22))--nn

p[n]p[n]

p[n]p[n]

p[n]p[n]

p[n]p[n]

xx

xx

xx

xx

(w)(w)--nn

(w(w00))--nn

((wwMM--11))--nn

modulationmodulation filteringfiltering

For block DFT,For block DFT,
p[n]  =  [1, 1, 1, … , 1]p[n]  =  [1, 1, 1, … , 1]

0             M 0             M –– 11

•• Can generalize by usingCan generalize by using
other prototype filters. other prototype filters. 

•• p[n] is called the prototypep[n] is called the prototype
filter.filter.

If wIf w––knkn is replaced by cis replaced by ck,nk,n from DCT  from DCT  ⇒⇒ CosineCosine--modulatedmodulated
cck,nk,n = = √√ coscos[(k + [(k + ½½)(n +          )    ]        )(n +          )    ]        Filter BankFilter Bank

Z-1

Z-1

Z-1

22
MM ++ ππ

MM
11
22

MM
22
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Cosine Modulated Filter BankCosine Modulated Filter Bank (from type IV DCT)(from type IV DCT)
hhkk[n]  =  p[n][n]  =  p[n]√√ coscos[(k + [(k + ½½)(n +          )    ])(n +          )    ]

p[n] chosen to be symmetric LPF.p[n] chosen to be symmetric LPF.
Only p[n] needs to be designed.Only p[n] needs to be designed.
Let L be the length of p[n].Let L be the length of p[n].
Symmetry:  P[L Symmetry:  P[L –– 1 1 –– n]  =  p[n]n]  =  p[n]
L=2M   L=2M   orthogonalityorthogonality:  p[n]:  p[n]22 + p[n + M]+ p[n + M]22 =  1=  1
L=4M  L=4M  orthogonalityorthogonality: p[n]: p[n]22+p[n+M]+p[n+M]22+p[n+2M]+p[n+2M]22+p[n+3M]+p[n+3M]22 = 1= 1

p[n]p[n + 2M] + p[n+M]p[n p[n]p[n + 2M] + p[n+M]p[n + 3M] = 0+ 3M] = 0

Genus of the prototype filter.Genus of the prototype filter.

22
MM ++ ππ

MM

“Double“Double--shift shift 
orthogonalityorthogonality” ” 
in M=2 casein M=2 case

11
22

MM
22

center it!center it!
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Application to DSLApplication to DSL
copper wirecopper wire

ff

• assign more bits toassign more bits to
lower frequency bandslower frequency bands

•• orthogonal CMFB canorthogonal CMFB can
undo the overlaps undo the overlaps 
between channelsbetween channels

MultiwaveletsMultiwavelets
Idea:  extend the scalar refinement equationIdea:  extend the scalar refinement equation

φφ(t)  =  2 (t)  =  2 ∑∑ hh00[k][k]φφ(2t (2t –– k)k)
into a vector refinement equationinto a vector refinement equation

kk

φφ11(t) (t) φφ11(2t (2t –– k)k)
=  2         H=  2         H00[k][k]

φφ22 (t)                                        (t)                                        φφ2 2 (2t (2t –– k)k)

∑∑
k=0k=0

NN--11

2x22x2
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e.g.  e.g.  Finite ElementsFinite Elements

11 00 22

φφ(t)(t)

00 11

11

11

11

22

½½

½½

½½

33
22

== ++ ++

�

φφ22(t)(t)

φφ11(t)(t)

1100

11

11

00 11 (t)(t)

(t)(t)

1100

11

can use to represent piecewise linear can use to represent piecewise linear 
function but allows for representingfunction but allows for representing
discontinuousdiscontinuous functionfunction

11

00 11 (t)(t)

φφ11(t)  =  (t)  =  φφ11(2t) + (2t) + ½½φφ11(2t (2t –– 1)+1)+ ½½φφ22(2t)(2t)

φφ22(t)  =  (t)  =  φφ22(2t (2t -- 1) + 1) + ½½φφ22(2t) + (2t) + ½½φφ11(2t(2t--1)1)
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φφ11 (t)       1    (t)       1    ½½ φφ11 (2t)       (2t)       ½½ 0      0      φφ11 (2t (2t –– 1)1)
⇒⇒

φφ22 (t)       0    (t)       0    ½½ φφ2  2  (2t) (2t) ½½ 1      1      φφ22 (2t (2t –– 1)1)

Finite Element Finite Element MultiwaveletsMultiwavelets

1
4
4
2

4
4
3

1
4
4
2

4
4
3

satisfy vectorsatisfy vector
refinement equationrefinement equation

can also come up with orthogonal can also come up with orthogonal multiwaveletsmultiwavelets..

f=1f=1
ff′′=0=0 φφ11(t)(t)

f=0f=0
ff′′=0=0

f=0f=0
ff′′=1=1

φφ22(t)(t)
f=0f=0
ff′′=0=0

==


