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Useful Formulas:Useful Formulas:
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More Useful Formulas:More Useful Formulas:
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Theorem (Gauss):Theorem (Gauss):
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GaussGauss’’ Multiplication FormulaMultiplication Formula

LegendreLegendre’’s Relation, where s Relation, where pp=2=2
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Proof:Proof:

)(sin)1()()1(

)sin()1()()1(

))1(sin()()1()1(

)1()(

)()1(

xxxxx

x
x

xxxx

xxxx
x

xx

xxx

φπφ

πφ

πφ

=+−ΓΓ=+

−
−
+−Γ

Γ=+

+−Γ+Γ=+
−
+−Γ

=−Γ

−Γ−=+−Γ



Sine and Gamma FunctionsSine and Gamma Functions

)
2

1()
2

1()1(2

)
2

1()
2

()(2

1 xxxb

xxxb

x

x

−Γ
−

Γ=−Γ

+
ΓΓ=Γ

−

−



Sine and Gamma FunctionsSine and Gamma Functions

)(
4

sin)1()(
4

2
cos)

2
1()

2
1(

2
sin)

2
1()

2
(

)
2

1()
2

(

2

2

xb

xxxb

xxxxxx

xx

φ

π

ππ

φφ

=

−ΓΓ=

−
Γ

+
Γ−ΓΓ=

+



Sine and Gamma FunctionsSine and Gamma Functions

πφ

ππππ

ππππ

πφ

=

+−+−−Γ+Γ=

+−+−−Γ
+Γ

=

−ΓΓ=

)0(

)
!7!5!3

)(1()1(

)
!7!5!3

)(1()1(
sin)1()()(

674523

753

L

L

xxxxx

xxxxx
x

x
xxxx



Sine and Gamma FunctionsSine and Gamma Functions

Define g(x) to be a periodic function, which Define g(x) to be a periodic function, which 
is the second derivative of log(phi(x)).  is the second derivative of log(phi(x)).  

It is bounded and the bound of g(x) goes to 0, It is bounded and the bound of g(x) goes to 0, 
so g(x)=0 and log(phi(x)) is linear.so g(x)=0 and log(phi(x)) is linear.

Since log(phi(x)) is periodic, it must be Since log(phi(x)) is periodic, it must be 
constant.  constant.  

Therefore phi(x) is constant and equals pi for Therefore phi(x) is constant and equals pi for 
all x.all x.
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Riemann Zeta Function:Riemann Zeta Function:
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From zeta(2):From zeta(2):
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Using the Sine Product Formula:Using the Sine Product Formula:

The coefficient of xThe coefficient of x44::
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