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FOURIER SERIES

let us summarize what we know about power series:

I CONVERGENCE Given a power séries

[ e} k
Z A X

k=0

there is a number r with 0 r £o3 , such that the series converges

abtsolutely for [x]<:r ard diverges for [x|»r; we call r the radius of convergence.

I7 UNIQUENESS If
o

B k
f(x) = jakzo a, x

for x 1n some non-trivial interval about O, then

a, = £(%) (0 A

I11 TAYLOR SERIES If f(k)(O) exists for all %k, then we can

write down the series

© k . (x)
zkzo a X, where a, = f (0)/k!

This: series is called the Taylor series of f. It may not converge to f,

however; it will do so only if the error term EF(X) gces to 0 as n

approaches ©3 . In this case, f 1s said to be analytic.

Iv DIFFERENTIATION AND INTEGRATION If £(x) ecuals a power series
in some non-trivial interval about O, then f£'(x) ard Iz§f(t)dt can be
computed by differentiating and integrating the series term-by-term. These

new series have the same radius of convergence as the original series,

V  AFPROXIMATION Among all polynomials of degree n, the Taylor
polynomial of f is the one that equals f at 0, and whose first n
Cerivatives €gjual those of f at 0. If f 1is analytic, it approximates £

very well for x near 0O (and less well as X  becomes large).



Ncw we considey series whose terms are not powers of x, but are
of- the form sin nx ard coxmx, for n ard m positive integers. One
motivation for considering such functions is that they are periodic, so they
would be natural functions to consider if one wished to represent a periodic

function by an infinite series. (Such functions are often called wave functions,

and are important in the applications.)

3¢ let us consider a general series of the form

%)
L + z + in! .
53 et (ak cos kx bk sinkx)

Such a series is called a trigonometric series. (The factor % 1is inserted

for later convenience.) We will consider the analogues of statements T - V

for this new series.
I CCNVERGENCE

Arout this there is little to say. Trigonometric series have no particularly
nice convergence properties. For instance, the series 2 (cos nx)/n converges
at. x =1V and fails to converge at =x = 0. What happens in between

is anybody's guess!
I1 UNTIQUENESS

Here there is a theorem. But since we don't know the series converges

on a non-trivial interval, we must assume 1it.

Theorem 1. If the trigonometric series

L8]
a + z\ (a_cosnx + b sinnx)
0 n=1 ""n n

N

convergas uniformly to a function f(x) on the interval [-7,T], then

'
as = (/w)f, £(x)ex,

i
a, = (/1) _,Cﬁ £f(x) cosnx dx, and
T ,
= 1 f(x) sinnxdx .
b (1/n )j,Tr (x) X
(since cos nx = 1 if n = 0, the first of these equations is redundant.)

Proof. Since the series converges uniformly on [-T,T ], it will still

converge uniformly if we multiply through by cosmx or sinmx. Then we



can compute the integrals of f(x) or f£(x)cosmx or f(x)sinmx by
integrating the appropriate series term-by-term. It happens that if we
integrate from ~W to T, all but one of. the terms equal 0! This follows

from the integration formulas

g1

fcosnxcosmxdx = 0 if n#m
S\ P . .

S sinnx sinmx dx = 0O if n#m
At

S“ sinnx cosmx dx = O always

jf(sirlnx dx = 0

T

§~ cos nxdx = 0.

-1

Finally, the fact that the integrals from -T to W of cosznx ar:id

sin2nx equal T gives us the factor of (1/9r) in the ahove equations. -
11T FOURIER SERIES

Suppose f is an integrable function defined on [-F%,W ]. Then we

can write down the trigonometric series
Wi §
L .
a + T a cosnx + b sinnx
0 n=1 ( n Ii )

where the coefficients are given by the integral formulas in the statement of

Theorem 1. This series is then called the Fourier series of f£. Just as was

the case with the Taylor series of a function, however, the series may not
converge to  f.

The remarkabie fact about Fourier series is that they converge under very
weak assumptions about the function £, in contrast to the situation for Taylor
series; where the function must have derivatives of all orders and, in addition,
be analytic. We shall state without proof several theorems coneerning
the convergence of Fourier series. 1In order to do so, we must make the followihg. -
definition:

Suppose that £ 1is continuous on an open interval about p, except

possibly at the point p itself. If both the limits

lim £(x) ard lim f(x)
X—2pt X3P~

exist Pand are finite), we say that f has at most a jump discontipuity:at p.
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Theorem 2. Suppose f(x) is continuous on the interval [W,TW ],
and that f' is continucus on this interval except for finitely many jump
discontinuities. Suppose also that £{-T) = £(7 ). Then the Fourier series

of f cenverges uniformly to f on the interval [, I ].

Remark. Ncte that if the Fourier series of f 1is to converge
to f on [-0, W], then it is necessary that f£f(1r ) = £(-T), since all
the functions involved have this property. Note further that if the
convergence is to be uniform, it is necessary that f be continuous, since
the limit of a uniformly convergent series of continuous functions is continuous.
What is remarkable is the fact that you need to assume very little more
than these two necessary conditions in order to ensure that the series converges

uniformly. The situation is very different from that for Taylor series!

New of course if f is not continuous, then there is no hope of
getting the Fourier series of f to converge uniformly. Even in this case,
however, the series will try as hard as it can to converge! That is the

substance of the following theorem:

Theorem 3. Suppose that f and f' are continucus on [T, T ] except
for finitely many jump discontinuities. Then the Fourier series of f
converges to f at each point of (<7,W) at which f 1is continuous;
and the convergence is uniform on any closed interval in (-7, 7 ) on which
f 1is continuous.

At every point p of (-W,W ), the series converges to the number

Lo o1 ,
s Hm fx) + _Lim £(x)).

And at T and-T, it'converges to

L( 11 ] %)).
z(X};n_nv*f(X) * g £(x))

We can understand better what happens at T and -7 1if we note the
following: Given £(x), let us look at its values on the half-open interval
[T, %), and extend f to the entire real line by defining

glx + 2nify) = £(x)
for all x ard all n. The function g ic called the periodic extension of f£.
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Now if the Fourier series of £ converges to f for some x in
[-m,7), it will automatically converge to the periodic extension g of f
et any point of the form X + 2nM. In some sense, then, it is more natural
to deal with functions g(x) that are of period 271 and defined on the
ertire real line. It now becomes clear why the Fourier series of f may
not converge to f at T or -7 {ev&n?%zf, wkick is only defined on
[-r, M ], is continuous ttere). For the periodic extension g~ of f will not
be continuous at Tl unless the right and left hand limits of g at T equal
the value of g at Tf .

Restated in these terms, Theorem 3 becomes the following:

Theorem 4. Iet g{x) be a function of period 27y, defined for all x.
Suppose g and g' are continuous on [, W ] except fcr finitely many - jump
discontinuities. Then the Fourier series of g huas the following properties:

(i) 7Tt converges to g(x) whenever g 1is continuous at x.

(ii) It converges uniformly to g on each closed interval on which g
is continuous.

(iii) It converges to the average of the right and left hand limits

of g at each point where g is discontinuous.

To illustrate these theorems, we compute some examples. Before doing so,
let us recall that we call f(x) ar even function if f£(x) = £f(-x) fcr all  x,
and we call it an odd function if f(x) = -f£(-x) for all x. The integral
of an odd functiol from -a to a is always O, because cancellation occurs.

The following is an immediate consequence:

Theorem 5. If f£(x) is an even function, then all the terms h}lsinnx
are missing from its Fourier series. If f(x) 1is odd, then all the terms

%ao and a, cosnx are missing from its Fourier series.

Proof. If f 1is an even function, then f(x) sinnx 1is odd, while if

f 1is odd, tren f(x)cosnx 1is odd. [J
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Example 1. Consider the function
f(x) = XU +x fcr - % x%0,
fix) = 4TW-x fcr 08 x =T .

Its graph is pictured; it is called a triangular wave. (We have actually

pictured the periodic extension of f£.)

This function is even, so only ¢eosine terms appear in its Fourier series.

Direct computation of the coefficients a by integration, gives us the series

-:{-?_— [cost.- (1/9)cos 3x + (1/25)cos5x  + ] .

The firsttwopartial sums of this series, 1 ar:d Sy, are picturedabove. Note
how closely they approximate the function.

This function satisfies the hypotheses of Theorem 2; this theorem predicts
that the series will converge uniformly -(since f 1is continuous and £(-) = £(T )
and f' has only jump discontinuities). And indeed, it does converge uniformly,

by comparison with the series il/nz.

Eample 2. Ccnsider the function f£(x) =x for -T2 x<T . ILet g

ke its periodic extension. The graph of g 1is pictured below.



This is a case where the function f is continuous on [-# ,®7), but its

periodic extension has a jump at T . Thus we do not expect the Fourier series

of £ tc converge to £ at T or -II, but rather to the average of the

left and right hand limits, which is 0. And this is exactly what happens.
Since f 1is an odd function, no cosine terms appear in its Fourier series.

Direct computation gives us the series

2[sinx - (1/2)sin2x + (1/3)sin3x - (1/4)sind4dx + ]

The first three partial sums Sy Sys and s; are pictured in the following
figure. Note that the convergence is not nearly as rapid as in the preceding
example, and that it gets much worse as one approaches W , where g fails to

be continuous.
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Example 3. Finally, let us ccnsider the following function, which is
called the square wave function:
f(x) = 1if 0< x<TI
£(x) -1 if -w<x <0 .

" This function is also odd; its Fourier series is the series

(4/77) Isinx + (1/3)sin3x + (1/5)sin5x -+ j

The first three partial sums are sketched. Note that the convergence becomes

worse as one approaches the discontinuities (of the periodic extension of f).

IV DIFFERENTTATION AND INTEGRATION

We know that in general a uniformly convergent series can be integrated
term by term. A much stronger result holds for Fourier series; in fact, one

dces not even need to assume that the series converges!

Theorem 6. Suppose that f is continuous on [T, T ] except for
finitely many jump discontinuities. Although the Fourier series of f need
not converge to £ , it is still true that if you integrate each term of the
series from a tc b (where & and b are points of [-T,T ]), then the:

result??fy series will converge to the number

§: f(x) dx.

There is no similar theorem about differentiating a Fourier series.
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V  APPROXIMATION

Just as was the case for an analytic function and its Taylor series, the
Fourier series of a function f will, under quite weak conditions, approximate
the function. The difference lies in how one measures the closeness of the

approximation. Rather than measuring the actual difference between the values
of the function and of the partial sums of the series, we measure the average
value, in some sense, of this difference. Specifically, we make the following
definition:

Suppose that f(x) 1is a given function on the interval {a,b]. Ard

suppose we seek to approximate f by another function g(x) on this interval.

In this case, we call the number
b
, 2
Bfg) = | (£60) - g(x)? ax

the mean square error in this approximation.

One has the following theorem:

Theorem 7. Let £(x) be continuous, except for finitely many jump
discontinuities, on [T, ]. Among all"trigonometric polynomials"of the
form

n
— ]/ * » .
hn(x) = syt z 11 (ai cosix + bi sinix) ,

the one for which the mean square error E(f,hn) is a minimum is the one for
which the ccefficients are the Fourier .coefficients of f.

Furthermore, in this situation, the mean square error goes to zero as

n agproaches & ..

Wihat this last sentence says is that even though the Fourier series of £

nay not converge to g in the ordinary sense, it will converge "in the mean."
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GENERALZIZATTONS

It is remarkable how different the theorems concerning the convergence of
power series and the convergence of Fourier series are. It is then natural to
ask why the functions sinnx and ccsnx play such a special role. Perhaps
it is because they are periodic. But that is not the case; their periodicity
is important only if one wishes to represent periodic functions. If the
functions one wishes to represent are not periodic, there are many other systems
of functions that will do as well.

The crucial property we needed was that when we multiplied two of the
functions sinnx and cosnx together and integrated from ~d to W,

we got zero!

For example, it is not at all hard to find a sequence of functions

Po(x)s Py(x), Po(x),.. /P (X)) ...
such that Pn(x) is a polynomial of degree n, for each n, and such that

5: P_(x)P_(x)dx =0

whenever n # m. These polynomials are uniquely determined up to a constant

factor; it is traditional to multiply each by an appropriate constant so that

1
f P (x) P (x)dx = 1.

These polynomials are called the Legendre polynomials. It follows just as in the

proof of Theorem 1 that if a series of the form

Q
Zin:o %1Pn(x)

converges uniformly to a function f{x) on the interval [-1,1], then the

coefficients a are given by the equation

1
a :j_l f(x) Pn(x)dx.

For any integrable function f{x), the series for which the coefficients are given

by this formula is called the Fourier-Legendre series of f. There are theorems

about these series that are directly analogous to those about Fourier series

mentioned akove. Their uses in the applications of mathematics are abundant.



MIT OpenCourseWare
http://ocw.mit.edu

18.014 Calculus with Theory
Fall 2010

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu
http://ocw.mit.edu/terms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Use these settings to create PDF documents suitable for reliable viewing and printing of business documents. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [300 300]
  /PageSize [612.000 792.000]
>> setpagedevice


