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Problem Set #4 ANSWERS

1. The corners of a cube are numbered 1, 2, 3, 4 clockwise around the top face of the cube, and 5, 6, 7, 8
clockwise around the bottom face, corner 5 lying under corner 1, corner 6 under corner 2, and so on. A face
center is denoted by the two numbers of the corners between which a face diagonal can be drawn which passes
through that face center (for example, either 13 or 24 would denote the center of the top face).

(a) The structures of several kinds of AB4 molecules are described as follows with the above numbering
system. The A-atom is placed at the center of the cube, and the A—B bond distances are given by the
cube dimensions. However, the B—atoms are not necessarily all equivalent, the actual equivalence being
determined by the symmetry elements remaining in the ABy4 structures.

(i) AB4(1,2,3,4)

(i) AB4(1,3,5,7)

(iif) AB4(1,3,6,8)
(iv) AB4(1, 5, 16, 18)
(V) AB4(13, 36,68, 18)

Give the point-group symbol for each AB,4 structure (for example, Csy, Dgh, and so on).

Answer:
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(b) Classify the five molecules of Part (2) as to type of molecular rotator (linear, symmetrical top, and so
on).
Answer:

(i) Prolate Symmetric Top
(ii) Asymmetric Top

(iii) Spherical Top

(iv) Asymmetric Top

(v) Oblate Symmetric Top
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(c) Which of the five molecules of Part (a) will give a pure-rotational spectrum in the far-infrared or mi-

crowave region? Which will give a pure-rotational Raman effect?

Answer:
Pure Rotation in Far IR or Microwave: (i) and (iv)
Pure Rotational Raman: (i), (ii), (iv), and (v)

2. The harmonic oscillator (mass m) in two dimensions has a potential energy V expressed in polar coordinates r,

0, of the general form 2V = kqr? cos? 6 + kor? sin® 6, where k; and k; are force constants. For the special case

ki = ko = k, the oscillator has a single frequency v = (k/m)¥/2/2x, and its Schrodinger equation has solutions

of the form

—ar? :
e = Nucoxp 5 explicP()

where v, £ are quantum numbers (v=10,1,2,...,00; £ =0,2,4,...,vforveven, £ =1,3,5,...v for v odd);

Ny.¢ is a normalization constant; & = 472mv/h; P(r), a polynomial in r only, depends for its form on the values

of vand ¢ and is an even function for even v, odd for odd v.

(@)

(b)

The energy levels of this two-dimensional oscillator are E, = (v + 1)hv. What is the degeneracy of the
v—th level?

Answer:

What is degeneracy of vi" level of 2D Harmonic Oscillator Degeneracy = # of ¢ states!
vodd = £ = +1,+3,45,...,+v

veven = £ =0,+2,+4,...,+V

.. degeneracy = v + 1

Find Ny for v = 1, £ = +1, for which P(r) = a*/?r.

Answer:
Ny, = normalization constant
Find N1 1 = “N”

p(r) = Var
—ar? .
Y141 =Nexp — exp(i6) Var
00 27 00 21 ,
f Yigaardrdd = 1 = f f INj?e=" e~ e (ar?)rdrde
0 0 0 0

27IN|Z [
1= 27rf INPe=" aridr = 7N| f e x3dx
0 0

a

2 1
= ZINPS = ENP =1
a 2 «a

@
IN11| = /=
v/
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(c) Show that any two y’s of the same v but different £ are orthogonal.

page 3

Answer:
00 21 00 5 2n ,
f f l/’vt”l//\/[l'drdHINV[/NV[f g~ pz(r)rdrf el=0qp = 0
o Jo 0 0

Since ¢ — ¢’ # 0 therefore any ¢ + Y are orthogonal if £ = ¢'.

(d) Find the average value of the angular momentum p, for any state v, £.

Answer:

(pg) =?

00 21 0o 2 ) a
(Podve = f Wy, pOyrdrde = f f Wy (—lh—)wrdrde
0 Jo o Jo 060

0 N2
=ht f Yy byerdrde = hl
0 0

(e) Find the average value of r=2 for the state v =1, £ = +1.

Answer:

00 21 0o o 9
4
<I’_2>11 = f ‘//Ilr_zl//llrdrde = N%lf f e“”zardrde =a= ﬂhmv
0 Jo o Jo
2\ _ 2.2 N _ 2
<p9>v€ == <p9>11 =4
2 2 (4.2
1 <p0>11 _h (47r mv) _hy

2m(r2);, 2m\{ h

EI’Ot11 = 2

Evib(v=1) = %hv Etotal = Evib + Erot = 2hv
From (a) E = (v + 1)hv = 2hv

Substitute the results of the above in the equation for the relationship between E and py in the plane rotor

and find E for the state v = 1, £ = +1. Explain the difference between this value of E and that given by the

equation of Part (a).
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3. The carbon suboxide molecule C30,, is believed to be linear and symmetrical.

(a) Classify the normal vibrations of C30, according to the symmetry species of point group Deop.
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Answer:
r o r3 rg

# of modes = 3N-5 = 10

4 stretching modes

3 pairs of bending modes

Point Group = Doy

?(5[’1) = 0Iy, ?(5I’2) =0r3

a(dri) = dri — no o or o stretching modes
Sketches:

ory +9ry . o,

@+

ory —9ory . o,

c+

orp +9r3 . o,

+ @+

orp —0r3 1 oy

Bending = doubly degenerate = x symmetry

1(061) = =063, 1(062) = 662, 1(663) = —661

Modes: must be orthogonal to 661 — 663 g
561 + V260, + 663 my
561 — V260, + 663 my

(b) How many polarized lines should appear in the vibrational Raman spectrum? How many fundamental

infrared bands should have P-, Q-, and R-branches?

Answer: According to the Do, character table:

z X2 + 2,72
I (xz,yz) Raman Active
Ag (X —y2xy)

oz
1_[U (X’ y)
Therefore o§’s ; my’s = 2 polarized lines will appear in Raman

IR = P, Q, R = (xy) polarization =
2my’s (each degenerate) = 2 Fundamental IR bands have P, Q, and R lines.

} IR Active
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(©)

The ground electronic state of C30, is nondegenerate. What is the degeneracy of o When C30; is in
its ground electronic state with vy = vo = v3 = v4 = v5 = vg = 0, v = 1, and the rotational quantum
number J = 5? The normal coordinate Q- is antisymmetric with respect to simultaneous interchange of
all pairs of equivalent nuclei. What is the degeneracy of ¢/ for the above state with J = 6 instead of 5?

Answer: Degeneracy: (2J + 1)(interchange term)

# of interchanges = (# C’s)x(# O’s)= 6

.. Degeneracy = 6(2J + 1)
J =5 = Deg = 66
J=6=Deg=78

Let ya = Y, =1(Q1)¥v,=0(Q2) and Yy = ¥y, —o¥v,=2 be the normalized harmonic-oscillator wave functions
of a polyatomic molecule corresponding to excited vibrational states of unperturbed energies E, and Ep.
If these two states are in Fermi resonance, second-order non-degenerate theory can be applied. Assume
that the interaction energies H;, and H/, are zero and that H, arises from one or more anharmonic
terms in the potential function. In a certain molecule, the levels 5 and y, are observed to be in Fermi
resonance, the transitions to the perturbed levels being observed at 1400 and 1500 cm~?, whereas the
level Y, ~o,=1 has an energy of 740 cm~! above the zero level (see diagram). Deduce the unperturbed
Ea-value from the above data (H/, is to be evaluated from the data, not by integration).

v =1 Yy
l//"<v2 = 0) - £
b v =0
T l/jb(vz = 2)
¥y
Uy = 0
l1’01(1]2 = 1
1500 cm™! 1400 cm™!
740 cm™1
v = 0
Vol
Answer:
Ea - /1 Wab - 0
Wab Eb - /l
Find E,

(Ea— A)(Ep — ) — [Hapl* = 0 = 2% — (E4 + Ep)A — [Hap|?
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Answer: 4(a), continued

_Ea+Ep 1 2 21172
=5 %3 [(Ea— Ep)” + 4|Hap| ]

Ep = 2.740 = 1480 cm™! above (0, 0)

1 1400 + 1500
S(Ea+Ey) = =

. Ea = 1420 cm™ above (0, 0)

A

= 1450 cm™! center of gravity doesn’t change

(b) The intensity of the Raman line for the transition from the ground state v o to the unperturbed state y,
in the absence of Fermi resonance is proportional to the square of the matrix element
oa
<¢o,o Q1

0Q1 %>

where da/dQ; is a non-zero constant. The corresponding matrix element

<w X0 ‘w >
0,0 2| Yo
Q2
is zero because Av, = 2. Find the ratio of the intensities of the two Raman lines for the transitions from

state |ygo) to the perturbed states [ia) and ).

Answer: Defining A, Ap:
la= == = 5 |(Ea— Ev)’ + 4Ha
Ao = 2 + 2 [(Ea — Ep) + 4|Hap| ]
Aa — 1/2 —E. 1/2
= |2 — (Ea + Ep) T (E 2 E0 lized
A [Z/Ib ~(Ea+ ) n) + 20— (. + En) WWa) (normalized)
P A da—Ep M2 _
= |2 - (Ba + Ep) I ESEY lized
lB) [2/1b —(E.+E) 0 20 — (Ea+ Eo) Wa) (normalized)
2 2
oa da
I ’<¢oo 50 lﬁA> B ’<¢’oo 30; ¢a> 1 — Es
ls o 2 o 2y - Ep
Kﬁboo % lﬁB> Kﬁl’oo o ¢a>
Al —E, 15001420
" A —Ep 1500 - 1480
.. Ratio of intensities: |yo0) — lWa) @ [Woo) — lys)=4:1

5. 16012C32s is a linear molecule. The bond lengths are
fco = 1.16A
Ics = 1.56A
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and the observed fundamental vibrational frequencies are
v1 = 858.9 cm~1 stretch
vo = 520.4 cm~! bend

v3 = 2062.2 cm~1 stretch.

(@) Obtain Kcs, kco, and kg[rcorcs] ™ in dynes/cm.

Answer:
Assume kco > Kcs.
Let Ay = 47r2vf, A3 = 47121/%
1 1 1 1
/11+/13 = kcs(— + —)+kco(— + —)
Mc Mg Mc Mo
Mc + Mg + Mo
A3 = ——————kcsk
113 MeMsMo csKco
_ 1, 1\(1 1 172
1 1 4(m_C + m_S)(m_C + m—o)/ll/lgmcmsmo
Kes = =(A1 + A3)[— + — 1+|1-
2 (A1 + A3)2(Mc + ms + mo)
mc = 12 amu
mg = 32 amu
mo = 16 amu

. kes = 8.07 x 10°dynes/cm or 1.76 x 108dynesicm  but ke > kes =

kcs = 8.07 x 10°dynes/cm
McMsMo 1

kco = Agdg—————=— —— = 1.39 x 10%dynes/cm
co . 3rT‘I(;+rT‘I5+mok(;5 % y /

Note that this assumption is confirmed by CO,, and CS, in which keo = 1.42 x 108dynes/cm and
kcs = 8.10 x 10°dynes/cm, respectively.

2, r 21!
co , Tes | (reo +rcs)®

2.2
rco I'(;547Z' V.
Ms Ms 2

ko[rcores]™ =

=~ ke[rcores]™ = 3.72 x 10*dynes/cm.
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(b) What are the amplitudes for C-O and C-S stretch in v;?

Answer: Amplitude change: Look at fractional bond change
OXecies
1 2

(kco — A1p11)A1 — Au12A2 =0
kco — 4
_ (keo — M) AL

SOA
? A1p12
A2+ A2 = 1 normalizations
172
AL ((kco — )2 i1
A2
mo(mc +m
gy = MoMe+Ms) 4y 25 amy = 1,948 x 102,

Mo + Mc + Mg
A = 4n°v3=2912x10" em™2 = 2.621 x 10 sec™?
Mo + Mg

= —— >  —853amu=1417 x 107%g.
Hi2 Mo + Mg + M¢ X g

139-0511\2 |
Al = [(W) +1l — 0.389
Ao = J1-A2=0921
Aco = 0.389-rco = 0.45A
Acs = 0922 rcs = 143A.

(c) What are the vibrational frequencies for 18012C325?

Answer: For isotopically shifted 18012C32S, the forces involved are the same (kco, Kcs, Kg), but the
masses are different, so that different frequencies are obtained.

1 1

5 — —

(8.07 x 10 )(12 + o

1.72 x 10%sec?  (this formula is on page 6)
A3 = 3.65x10°"sec™?

/11+/13

11
)(1-66 x 107)7 + (139 x 10°) (E + E) (1.66 x 107241
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Answer: 5(c), continued

1/2
29 57
1.72 x 10 [11 \/1 4(3.65 x 10 )]] - 1

YT 812 T (L72x 10%)2 3 % 1010cmy/sec
= 835cm™t, 2035cm™!
v1 =835 cm~t and v3 = 2035 cm™*
1/2
_ [kelrcoresI™ (féo  Tés . (rco + res)? 1 1
V) = |——— | =+ =+ — seC —————
4m2rcofcs | Mo Mg Mc 3 x 1010¢cmy/sec

515 cm™ L.

V2




